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ABSTRACT 

 
 
 
 
 

The present Ph.D. Thesis deals with the analysis of metallic structural 

components subject to fretting fatigue in partial slip regime.  An analytical 

methodology for fretting fatigue assessment of structural components is proposed.  

Such a methodology allows to evaluate both the initial crack path and the lifetime 

of metallic structures under fretting fatigue elastic partial slip loading conditions 

in high-cycle fatigue. 

The proposed methodology consists in the joint application of the multiaxial 

fatigue criterion by Carpinteri et al. together with the non-local approach (named 

Critical Direction Method) by Araújo et al.  The philosophy related to the theory of 

the Critical Distance by Taylor is also taken into account in the procedure. 

The stress field induced into two bodies in contact subject to fretting fatigue is 

analysed in Chapter 2, since it represents an input data for the methodology.  

Firstly, the damage process associated with fretting is described, by even 

exploiting the concept of fretting map.  Subsequently, the main methodologies 

available in the literature to analyse fretting fatigue problems are briefly reviewed.  

Finally, the analytical formulation implemented in the proposed methodology is 

detailed. 

Chapter 3 is devoted to the description of the advanced analytical methodology 

proposed in the present Ph.D. Thesis for fretting fatigue assessment of structural 

components.  In particular, both the Critical Direction Method by Araújo et al., the 

theory of the Critical Distance by Taylor, and the Carpinteri et al. criterion for 

fretting fatigue are described.  Then, the steps of the advanced methodology 

proposed in the present Ph.D. Thesis are detailed. 

Chapter 4 deals with the validation of the proposed analytical methodology.  In 

more detail, ten different experimental campaigns available in the literature and 
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related to fretting fatigue tests in partial slip conditions are examined.  Eight 

different materials, that is, four aluminium alloys, one titanium alloy and three 

steels, are analysed.  The results obtained in terms of both crack path orientation 

and fatigue life are described and compared to the experimental ones available in 

the literature, for each experimental campaign examined. 

Finally, conclusions are summarised in Chapter 5. 
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1 
OBJECT AND OBJECTIVES OF THE PH.D. THESIS 

 
 
 
 
1.1 Object of study 

The present Ph.D. Thesis deals with the analysis of metallic structural components 

subject to fretting fatigue in partial slip regime. 

Fretting is a contact phenomenon that occurs when a structural component is 

clamped against another mechanical part in presence of small oscillatory relative 

displacements.  In such a condition, relative micro-displacements arise at the 

contact surface.  Two different regimes can be distinguished on the basis of the 

magnitude of such relative displacements:  

i) Gross slip regime, with micro-displacements generally of the order of 

20 300 mµ÷ .  In such a condition, characterised by global relative motion 

between the components, the main damage phenomenon is the material 

wear (Berthier, 1989); 

ii)  Partial slip regime, when the relative micro-displacements are of the order 

of few microns, together with a magnitude of the load clamping the 

components sufficiently high to prevent complete sliding between them.  In 

such a condition, the contact surface consists of an inner stick region, with 

no relative displacements, and an outer micro-slip region, and the main 

damage phenomenon is the nucleation of cracks at the contact surface due 

to high stress gradient (Hurricks,1970). 

Superficial debris formation due to material wear is a complex long-term issue.  

However, such a damage phenomenon is less dangerous than the crack nucleation 

and subsequent propagation when components are subjected to remote fatigue 

loading (Waterhouse, 1992).  Therefore, partial slip regime has been recognised as 

the most damaging condition. 

As a matter of fact, a remote fatigue loading, acting at least on one of the 

components under contact, is able to promote the evolution of surface cracks, that 
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can lead to failure of the fatigued component itself.  This situation is referred to as 

fretting fatigue, which is well-known to be different from plain fatigue, mainly due 

to the high stress level that characterises the region near the contact surface 

(Szolwinski, 1997).  Moreover, fretting fatigue is a complex phenomenon that 

depends on more than 50 parameters (Collins, 1965), which can be narrowed down 

into eight groups: relative slip amplitude, number of loading cycles, frequency of 

cyclic loading, magnitude and distribution of the contact pressure, local stress state, 

material and surface conditions, temperature, and environments surrounding the 

component surfaces (Sunde, 2018). 

Fretting fatigue has been recognised as the primary failure mode in many in-

service engineering components in different fields of application.  Railway 

transport, where cracks nucleating due to rolling fatigue issues may lead to failure 

and consequent derailment, both air and sea transport, where damages related to 

detachment of layers or components in riveted joints could happen, and automotive 

area, where failure can occur in wheel spindle, turbine blades hook systems with 

the hub, fasten of crankshaft with bearing, are worth noting.  Moreover, fretting 

fatigue affects orthopaedic implants, metal ropes and cables, and many other 

applications in which bolted joints are subjected to small oscillatory relative 

displacements or vibrations. 

Most failures due to fretting fatigue occur in high-cycle fatigue regime 

conditions, where a large portion up to 90% of total fatigue life is spent in crack 

nucleation, whereas only a small amount is related to crack propagation (Namjoshi, 

2002).  Therefore, a crack-nucleation approach is desirable to be applied in order to 

assess the fatigue behaviour of fretting-affected components. 

In such a context, an accurate analysis of fatigue behaviour of structural 

components subject to fretting fatigue appears to be of fundamental importance. 

 

 

1.2 Objectives of the Ph.D. Thesis 

An analytical methodology for fretting fatigue assessment of structural components 

is proposed in the present Ph.D. Thesis.  In more detail, such a methodology may 

be employed in order to evaluate both the initial crack path and the lifetime of 

metallic structures under fretting fatigue elastic partial slip loading conditions in 
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high-cycle fatigue.  Consequently, being based on linear-elastic formulations, it 

could be easily applied to practical situations in the industrial field. 

The proposed methodology falls in the category of stress-based critical-plane 

approach.  In particular, the criterion by Carpinteri et al. (Carpinteri, 2011) for 

metallic structures under multiaxial constant amplitude fatigue loading in high-

cycle fatigue regime, originally proposed for plain fatigue conditions, is here 

extended to the case of fretting fatigue.  The Carpinteri et al. criterion is 

implemented in conjunction with the Critical Direction Method proposed by 

Araújo et al. (Araújo, 2017), and the philosophy related to the theory of the Critical 

Distance by Taylor (Taylor, 2007) is also taken into account in the procedure. 

The stress field induced into two bodies in contact subject to fretting fatigue is 

analysed in Chapter 2, since it represents an input data for the methodology.  

Firstly, the damage process associated with fretting is described, by even exploiting 

the concept of fretting map.  Subsequently, the main methodologies available in the 

literature to analyse fretting fatigue problems are briefly reviewed.  Finally, the 

analytical formulation implemented in the proposed methodology is detailed. 

Chapter 3 is devoted to the description of the advanced analytical methodology 

proposed in the present Ph.D. Thesis for fretting fatigue assessment of structural 

components.  In particular, both the Critical Direction Method by Araújo et al., the 

theory of the Critical Distance by Taylor, and the Carpinteri et al. criterion for 

fretting fatigue are described.  Then, the steps of the advanced methodology 

proposed in the present Ph.D. Thesis are detailed. 

Chapter 4 deals with the validation of the proposed analytical methodology.  In 

more detail, ten different experimental campaigns available in the literature and 

related to fretting fatigue tests in partial slip conditions are examined.  Eight 

different materials, that is, four aluminium alloys, one titanium alloy and three 

steels, are analysed.  The results obtained in terms of both crack path orientation 

and fatigue life are described and compared to the experimental ones available in 

the literature, for each experimental campaign examined. 

Finally, conclusions are summarised in Chapter 5. 
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2 
STRESS FIELD DUE TO FRETTING FATIGUE 

 
 
 
 
2.1 Introduction 

The present Chapter deals with the analysis of the stress field induced into two 

bodies in contact, subject to fretting fatigue.  

Firstly, the damage process associated with fretting is described.  Moreover, the 

loading conditions that characterise such a phenomenon, that are fretting wear and 

fretting fatigue, are analysed and the mechanical behaviour under such conditions 

is described by exploiting the concept of fretting map. 

Subsequently, the main methodologies available in the literature to analyse 

fretting fatigue problems are briefly reviewed.  Such methodologies are based on 

both analytical and numerical solutions. 

The methodology proposed in the present Ph.D. Thesis belongs to the field of 

the stress-based critical plane approach.  In particular, the multiaxial fatigue 

criterion proposed by Carpinteri et al. (Carpinteri, 2011) is used in conjunction 

with the Critical Direction method proposed by Araújo et al. (Araújo, 2017) and 

the theory of the Critical Distance by Taylor (Taylor, 2007). 

Finally, the analytical formulation implemented in such a methodology is 

detailed in the case of cylindrical contact, because the advanced methodology 

proposed in the present Ph.D. Thesis is verified by taking into account 

experimental fretting fatigue tests in partial slip conditions.  Although the 

application of the above methodology to simple cases, such as cylinder-to-flat 

fretting fatigue tests, may appear restrictive because of its simplicity, it is 

fundamental for understanding the phenomenon of fretting fatigue.  Moreover, in 

order to study more complex geometries, numerical approaches based on finite 

element models would be more suitable.  However, the calibration of such models 

is quite difficult, and analytical solutions (such as the one implemented in the 
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methodology proposed in the present Ph.D. Thesis) are often employed for 

calibration, in order to achieve more reliable results. 

 

 

2.2 Fretting phenomenon: basic concepts 

Many in-service engineering components are subjected to a large number of 

vibrations.  When such components are clamped against a different mechanical part 

by means of a normal load, relative cyclic nano-/micro-displacements arise at 

contact surface.  This contact phenomenon is named fretting (Nowell, 2005; 

Waterhouse, 1992). 

The damage process associated with fretting is caused by the synergistic 

contribution of wear, corrosion, and crack nucleation and growth (Waterhouse, 

1972).  According to Hurricks (Hurricks, 1970), a typical damage mechanism can 

be observed in engineering materials subject to fretting. 

The scarring of the superficial oxide layer is the initial mechanism that can be 

observed (Sunde, 2018).  Then, the formation of cold-welds at the surface 

asperities appears, thus modifying the friction between the contact surfaces.  In 

particular, the value of the friction coefficient has experimentally been observed to 

increase during the first few hundreds of loading cycles (Hills, 1998). 

When the above micro-welds break and wear off, micro-debris appear between 

the contact surfaces (Szolwinski, 1997).  Although such debris may initially 

promote the abrasion phenomenon, they act as a protective layer (named third 

body) reducing the wear of the material (Berthier, 1989). 

As the number of loading cycles increases, plastic deformations take place near 

the contact surface, thus resulting in possible nucleation of several grain-sized 

microcracks (Endo, 1976).  When such microcracks affect the superficial oxide 

layer, additional microdebris arise. This mechanism, together with corrosive 

environmental conditions, accelerates the wear process.  

In such a condition, if a cyclic loading is applied to one of the members of the 

contact, the propagation of one or more of the aforementioned microcracks into the 

bulk material is promoted.  It should be highlighted that the near-surface crack 

nucleation stage is dominated by the high stress gradient due to contact and 
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strongly depends on the material microstructure, whereas remote fatigue loading 

mainly affects the crack propagation stage (Nowell, 1990). 

As far as the loading conditions are concerned, fretting wear and fretting fatigue 

can be distinguished (Waterhouse, 1992).  Fretting wear loading condition is 

attained when at least one of the members of the contact is subjected to an external 

cyclic motion, whereas fretting fatigue loading condition is attained when at least 

one of the members of the contact is subjected to an external cyclic load. 

In both such conditions either partial slip or gross slip regime may occur.  

According to the theoretical model by Mindlin (Mindlin, 1949), partial slip regime 

is attained when the tangential force remains lower than the product of the normal 

load and the static coefficient of friction, and there are parts of contact where no 

slip occurs.  The fretting loop in a tangential force-displacement plane is elliptical 

(Hannel, 2001).  On the other hand, gross slip regime is attained when the 

tangential force is equal to the above product, and slip occurs across the whole 

contact.  The fretting loop is trapezoidal (Hannel, 2001). 

In order to properly describe the mechanical behaviour under both fretting wear 

and fretting fatigue, the concept of fretting map can be exploited.  Such a tool is a 

visual description of the fretting phenomenon, built in order to characterise the 

fretting problem and distinguish the regimes involved.  In particular, by means of 

fretting maps, it is possible to distinguish the regime of fretting contact in terms of: 

i) Relative displacements, thus identifying stick (that is, no sliding), mixed 

stick and slip, or gross slip; 

ii)  Surface degradation, thus identifying fatigue, wear, or oxidation attack; 

iii)  Fretting loop shape, thus identifying linear, elliptical or trapezoidal shape. 

A review of the main fretting maps available in the literature is given by Zhou 

et al. (Zhou, 2006).  The concept of fretting map under fretting wear loading 

condition was initially proposed by Vingsbo and Soderberg (Vingsbo, 1988).  They 

identified the slip amplitude as the most significant parameter.  Therefore, they 

built different fretting maps, where the normal force, the frequency of vibration, 

the fretting wear rate, or the fretting lifetime were generally identified as a function 

of the slip amplitude. 

Vingsbo and Soderberg experimentally identified three regimes (Figure 2.1): 
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i) Stick regime, characterised by no sliding at the interface and very limited 

wear and oxidation in correspondence of individual asperities. The fretting 

loop collapses in a segment; 

ii)  Mixed stick-slip regime, characterized by a central stick area and a 

surrounding annular slip area.  Extensive crack formation (fatigue) arises in 

the slip area with release of particles from cracks (wear), and wear and 

oxidation appear at the shear fractured individual asperities in the stick 

area.  The fretting loop has an elliptical shape; 

iii)  Gross slip regime, characterized by slip that takes place across the whole 

contact area, extensive wear with sliding marks in fretting direction and 

material delamination and detach of particles, and oxidation with detach of 

oxide flakes.  Wear and oxidation are strongly coupled in such a regime. 

The fretting loop has a trapezoidal shape. 

 

 

Figure 2.1  Example of fretting map under fretting wear loading condition proposed 

by Vingsbo and Soderberg (Vingsbo, 1988). 

 
Subsequently, Zhou et al. (Zhou, 1990; Zhou, 1992; Zhou, 1995) proposed the 

running condition fretting map (RCFM), where the fretting regimes are 

distinguished in partial slip regime, mixed fretting regime and gross slip regime, 
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depending on both displacement amplitude and number of loading cycles.  More 

precisely, the regimes experimentally identified are (Figure 2.2a): 

i) Partial slip regime, attained for small displacement amplitude values 

where, during the entire test, the contact behaves as in partial slip regime 

described by Mindlin or, in an equivalent way, in the mixed stick-slip 

regime described by Vingsbo and Soderberg.  The fretting loop has an 

elliptical shape during the whole test; 

ii)  Mixed fretting regime, attained for intermediate displacement amplitude 

values, associated with an unstable fretting loop, that may have a 

trapezoidal shape or an elliptical shape depending on the number of 

loading cycles.  The Mindlin model is not valid in such a regime; 

iii)  Gross slip regime, attained for large displacement amplitude values where, 

during the whole test, the contact behaves as in the gross slip regime 

described by both Mindlin and Vingsbo and Soderberg.  The fretting loop 

has a trapezoidal shape during the whole test. 
 

 

Figure 2.2  (a) Running condition fretting map and (b) material response fretting map. 
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Note that Zhou et al. ignored the stick regime highlighted by Vingsbo and 

Soderberg suggesting, in agreement with Mindlin, that there are always some 

regions of the contact experiencing slip and, therefore, no stick regime can actually 

exist. 

Moreover, the regime definitions by Zhou et al. are more realistic than those 

previously presented, because both Mindlin and Vingsbo and Soderberg neglected 

the early stage of fretting process (that is, what happens below 104 loading cycles) 

and therefore were not able to capture the mixed fretting regime. 

Another fretting map, named material response fretting map (MRFM), was 

proposed by Heredia and Fouvry (Heredia, 2010).  In such a fretting map, no 

damage domain, cracking domain, competition domain, and wear domain are 

distinguished (Figure 2.2b). 

Concerning the correspondence between RCFM and MRFM shown in Figure 

2.2, partial slip regime is divided into a security domain, without damage, and a 

domain where cracking appears.  On the other hand, gross slip regime is associated 

with wear and oxidation, whereas mixed fretting regime generates competition 

between cracking and wear. 

Both fretting wear and fretting fatigue conditions have been widely investigated 

in last decades. In particular, fretting fatigue has been recognised as a primary 

failure mode across a wide range of structural components.  Therefore, the main 

analytical and numerical solutions available in the literature for the case of fretting 

fatigue are reviewed in the following Section. 

 

 

2.3 Analytical and numerical methods for fretting fatigue 

Fretting fatigue has been recognised as a primary failure mode across a wide range 

of structural components, such as dovetail joints, bolt and riveted joints, spline 

coupling, running cables, and overhead conductors (Araújo, 2016; Juoksukangas, 

2016; Moraes, 2018; Ruiz, 1984).  Such a phenomenon is well-known to differ 

from plain fatigue, especially because of the high stress-gradient near the surface of 

the component due to contact.   

The analytical studies of contact date back to the end of XIX century, when 

Hertz (Hertz, 1882) studied frictionless contact between linear elastic spherical 
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half-spaces.  The Hertzian solution was then extended by many researchers, in 

order to find closed form solutions for different cases.  Johnson et al. (Johnson, 

1971) included the adhesive forces between the contact bodies, whereas Cattaneo 

(Cattaneo, 1938) and Mindlin (Mindlin, 1949) independently considered partial 

slips due to the presence of tangential loads.  The Cattaneo-Mindlin case was then 

integrated by Nowell and Hills (Nowell, 1987) by taking into account the effect of 

a bulk cyclic stress on the stress components.  Moreover, the Cattaneo-Mindlin 

problem was extended by Jager (Jager, 1998) to more general geometries and, 

subsequently, by Davies et al. (Davies, 2012) to varying normal loads. 

Asymptotic analysis has also been employed to study the stress concentration in 

fretting fatigue, due to the analogy with cracks in fracture mechanics.  Such a 

theory has been applied especially in complete contact problems with sharp contact 

edges, where the Hertzian theory fails.  Williams (Williams, 1952) and Bogy 

(Bogy, 1968) proposed to evaluate the stress components as functions of the wedge 

angle, in elastically similar bodies and elastically dissimilar bodies, respectively.  

The asymptotic theory has been applied also to incomplete contact in partial slip by 

Dini and Hills (Dini, 2004), who compared the results obtained with those deduced 

by using the Cattaneo-Mindlin solution, and by Fleury et al. (Fleury, 2017) who 

extended the analysis to more complex loading histories. 

Analytical models are widely used for comparisons with experimental results 

and parametric studies.  Moreover, such methods can be used to evaluate the stress 

field in real components, once the parameters involved have been adjusted. 

On the other hand, numerical methods such as finite element methods, are 

becoming increasingly used, allowing to examine more complex geometries, 

loading histories, and external conditions.  In general, when half-plane theory is 

violated, numerical methods are needed. 

Finite element methods are available in the literature in order to take into 

account the effect of either wear or plasticity in the fretting fatigue modelling 

(Gandiolle, 2013; Madge, 2007).  Moreover, microstructural effects, such as the 

damage evolution and the crack initiation, may be studied by including continuum 

damage mechanics in the finite element code (Zhang, 2012). 

The extended finite element methods have recently attracted the interest of 

many researchers due to the possibility to enrich the solution of standard finite 
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element methods.  In more detail, discontinuous functions can be implemented, 

thus providing the possibility to capture local and discontinuous effects.  Moës et 

al. (Moës, 1999) proposed a model able to simulate the crack growth without the 

need for remeshing, and Giner et al. (Giner, 2008) were able to find good 

estimations in terms of stress intensity factors with a relatively coarse mesh by 

using singular expressions for complete contact as enrichment functions in the 

formulation of finite elements. 

Nowadays, different approaches implementing either analytical or numerical 

models have been applied to assess the fatigue life of fretting affected components.  

Some of those approaches consider both crack nucleation and crack propagation 

phase.  Araújo and Nowell (Araújo, 2009) proposed a total life methodology for 

the evaluation of mixed low-high cycle fatigue tests.  According to such a 

methodology, the number of cycles needed to nucleate a crack of a given length is 

added to the number of cycles for propagation.  It is worth noting that the choice of 

the initiation crack length is arbitrary and may lead to very different results.  

Navarro et al. (Navarro, 2003) proposed to define the initiation crack length by 

computing, in different material points along the crack path, the driving force for 

both initiation and propagation by using the Basquin equation and the Linear 

Elastic Fracture Mechanics (LEFM), respectively.  The minimum depth at which 

the LEFM driving force was bigger than the one related to the initiation mechanism 

was assumed to be the initiation crack length.  Consequently, the total life was 

obtained as the sum between the initiation number of cycles and the number of 

cycles for crack propagation until failure.   

Some approaches related only to the crack propagation phase are available in 

the literature.  Such approaches, based on the linear elastic fracture mechanics, aim 

to determine whether a crack will arrest after initiation by means of threshold 

curves for the stress intensity factors.  By using a numerical methodology based on 

a stress-intensity factor criterion, Said et al. (Said, 2020) showed that cracks 

propagated up to a certain extent even in fully compressive state, and proposed a 

Mode II threshold.  Moreover, Giannakopoulos et al. (Giannakopoulos, 1998) 

compared the contact stress with the stress singularities due to cracks.  The crack 

growth in fretting fatigue was compared to a branching crack starting from a 

principal crack represented by the contact interface.  The fretting fatigue life was 
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evaluated by means of the classical Paris law, by exploiting the asymptotic field 

description and inferring the order of singularity to be square-root bounded. 

Nevertheless, damage models concerning the crack nucleation phase are mainly 

employed in fretting fatigue assessment, since crack nucleation life has been 

observed to be around 90% of the total fretting fatigue life (Walvekar, 2014).  Such 

models may be classified according to Bhatti and Wahab (Bhatti, 2018) on the 

basis of the approach used to define failure.  More precisely, four different 

approaches may be distinguished: fretting specific parameters (FSP) approach, 

continuum damage mechanics (CDM) approach, stress invariant (SI) approach, and 

critical plane (CP) approach. 

In order to take into account the high frictional forces at the contact interface, 

fretting specific parameters incorporating the effect of slip amplitude have been 

proposed.  The most widespread parameter was that proposed by Ruiz et al. (Ruiz, 

1984), which combined relative slip amplitude with shear stress to obtain the 

frictional energy due to contact forces and later added tensile stress to such a 

frictional energy for better predicting the actual crack location.  Such parameters 

provide a quantitative prediction of fretting fatigue behaviour, and are widely used 

in many industrial applications. 

Continuum damage mechanics approach aims to describe the nucleation process 

inside a representative volume element at mesoscale, by employing mechanical 

variables.  More precisely, a damage scalar variable incorporating the effect of 

mean stress, stress amplitude, loading history, material, and loading conditions is 

adopted.  Different CDM models are available in the literature, such as those 

proposed by Bhattacharya and Ellingwood (Bhattacharya, 1998), Chaboche and 

Lesne (Chaboche, 1988) and Lemaitre (Lemaitre, 1985), in which the crack 

nucleation is assumed to occur when a critical value of damage is achieved.   Since 

damage is computed as a scalar variable, no information can be obtained about 

crack orientation. 

As far as the stress invariant approach is concerned, the parameter suggested by 

Crossland (Crossland, 1956) is worth noting.  Such a parameter takes into account 

both the maximum amplitude of second invariant of the deviatoric stress tensor and 

the maximum hydrostatic pressure.  This approach is characterised by a low time 

requesting computation, but it is not able to determine the crack orientation. 
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According to the critical plane approach, fatigue assessment is performed on a 

specific plane named critical plane, which is prone to be the crack nucleation plane.  

This approach can further be classified as stress-based, strain-based, or strain-

energy density based approach.  Findley (Findley, 1959) and later McDiarmid 

(McDiarmid, 1991) proposed two different stress-based parameters for high-cycle 

fatigue regime, both of them depending on the maximum normal stress.  Brown 

and Miller (Brown, 1973) suggested a strain-based evaluation of fatigue life, by 

proposing a linear combination of shear strain amplitude and maximum normal 

strain range.  Fatemi and Socie (Fatemi, 1988) modified the Brown and Miller 

parameter by substituting the normal strain with the normal stress, in order to 

include the effect of non-proportional loading and mean stress.  Moreover, among 

the strain energy density-based parameters, the one by Smith et al. (Smith, 1970), 

known as the Smith Watson and Topper (SWT) parameter (defined as maximum 

tensile stress multiplied by strain amplitude), and the one by Liu (Liu, 1993) (based 

on virtual strain energy) are the most widespread. 

It is important to highlight that estimations can be improved by applying non-

local approaches, that is, by taking into account either the stress state related to a 

material point at a certain distance from the contact zone or a mean stress state 

computed along a line or in a volume.  Note that the strategy based on a mean state 

of stress was originally proposed for notched structural components: an analogy 

between notches and fretting fatigue seems to be appropriate since the notch effect 

in terms of stress concentration is similar to that due to the severe stress gradients 

in the contact zone for fretting fatigue (Araújo, 2016). 

In the context of critical plane approach, Araújo et al. (Araújo, 2020) employed 

a finite element method that incorporated wear and a critical plane-based criterion 

coupled with a critical distance varying with fatigue life, in order to numerically 

analyse fretting fatigue tests on wires taken from overhead conductors.  The 

approach showed reasonably accurate estimation of fretting fatigue life in medium-

high cycle regime. 

The methodology proposed in the present Ph.D. Thesis belongs to the field of 

stress-based critical plane approach.  In particular, the multiaxial fatigue criterion 

proposed by Carpinteri et al. (Carpinteri, 2011) is implemented in conjunction with 

the Critical Direction method proposed by Araújo et al. (Araújo, 2017) and the 
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theory of the Critical Distance by Taylor (Taylor, 2007).  The stress field used as 

input for the criterion is analytically evaluated by using the closed-form solution by 

Johnson (Johnson, 1985), based on the formalisms by Hertz (Hertz, 1896), 

Cattaneo (Cattaneo, 1938) and Mindlin (Mindlin, 1949), and McEwen (McEwen, 

1949), together with the closed-form solution by Nowell and Hills (Nowell, 1987). 

In more detail, such an analytical formulation in the case of cylindrical contact 

is discussed in the following Section, since the advanced methodology proposed in 

the present PhD Thesis is verified by taking into account experimental fretting 

fatigue tests in partial slip conditions. 

 

 

2.4 Analytical solution for fretting fatigue in partial slip regime: 
cylindrical contact 

Let us consider a typical fretting fatigue configuration (Figure 2.3), where two 

fretting pads, which may be characterised by either spherical or cylindrical shape, 

are pushed against a dog-bone specimen in partial slip regime.  The reference 

frame, Oxyz, is shown in Figure 2.3.  A normal constant force, P , and a cyclic 

tangential force, ( )Q t , are applied to the pads, whereas the specimen experiences a 

cyclic axial stress, ( )B tσ , named bulk stress in the following, which is in-phase 

with ( )Q t . 
 

Q(t)

σ B(t)

PAD

PAD

O x

z
y

Q(t)

P

P

SPECIMEN

 

Figure 2.3  Typical cylinder-to-flat fretting fatigue test, in presence of both constant 

normal load, P , cyclic tangential load, ( )Q t , and cyclic bulk stress, ( )B tσ . 
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The stress field in the vicinity of the contact zone, in the case of fretting fatigue 

elastic partial slip loading condition, is detailed hereafter.  Note that only the stress 

field in the case of cylindrical pads is presented in the following: nevertheless, the 

stress field in the case of spherical pads may be deduced in a similar way (Johnson, 

1985). 

 

2.4.1 Constant normal load in contact problems 
Let us consider a contact problem with two non-conforming bodies, thus 

characterized by different profiles.  The contact zone between such solids consists 

of a single point (or a line, depending on the bodies geometry), which coincides 

with the origin of the reference frame Oxyz in Figure 2.4.  However, as far as an 

external load or displacement is applied, the two bodies deform and the contact 

area becomes a finite area, whose sizes are a function of the magnitudes of applied 

loads or displacements. 
 

O x

z

y

body 2

body 1

z2

z1

 

Figure 2.4  Contact between non-conforming bodies, characterized by different general 

profiles. 

 

Therefore, a theory of contact is required to predict the shape and size of the 

contact surface, the magnitude and distribution of the surface tractions, and 

displacements and deformations induced within the two bodies. 

In the region close to the contact zone, the surface profile of each body may be 

approximated by means of a parabolic shape, represented by the following 

quadratic expressions: 
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2 2
1 1 1 1z A x B y C xy= + +  (2.1a) 

2 2
2 2 2 2z A x B y C xy= + +  (2.1b) 

 
where higher order terms are neglected.  1A , 1B , 2A , 2B  are positive constants 

depending on the shape of solids brought into contact.  It is possible to identify a 

proper orientation of the x and y  axes (that is, 1x  and 1y ) so that the term in xy 

vanishes and Equations (2.1) become: 

 

2 2
1 1 1

1 1

1 1

2 ' 2 "
z x y

R R
= +  (2.2a) 

2 2
2 2 2

2 2

1 1

2 ' 2 "
z x y

R R

 
= − + 

 
 (2.2b) 

 
where 1 'R , 1 ''R  and 2 'R , 2 ''R  represent the surface radii of curvature for body 1 

and 2, respectively, in correspondence of the origin, O , of the reference frame. 

Moreover, the distance, h , between the two surfaces may be written as follows: 

 

2 2 2 2
1 2

1 1

2 ' 2 "
h z z x y Ax By

R R
= + = + = +  (2.3) 

 
where 'R  and ''R  represent the main relative radii of curvature, whereas A and B  

are positive constants.  If the longitudinal axes of the two bodies are inclined to 

each other by an angle α , it is possible to demonstrate that A and B  are defined 

by the following expressions: 
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1 1 2 2

1 1 1 1 1 1 1 1

2 ' " 2 ' " ' "
A B

R R R R R R

  + = + = + + +  
   

 (2.4a) 

2 2

1 1 2 2

1 1 2 2

1 1 1 1 1

2 ' " ' "

1 1 1 1
2 cos2

' " ' "

B A
R R R R

R R R R
α

   
− = − + − +   
   

  
+ − −   

   

 (2.4b) 

 

By means of Equations 2.4, it can be deduced that: 

i) If the two bodies are solids of revolutions, then 
1 2

1 1 1

2
A B

R R

 
+ = + 

 
.  The 

points characterised by the same value of h  lay on a circle centred at the 

origin O ; 

ii)  If the two bodies are cylindrical and in contact along their longitudinal 

axes, then 
1 2

1 1 1

2
A

R R

 
= + 

 
 and 0B = .  The points characterised by the 

same value of h  lay on a straight line parallel to the longitudinal axis; 

iii)  If the two bodies have general profiles, then A and B  are defined by 

general expressions.  The points characterised by the same value of h  lay 

on an ellipse centred at the origin O . 

We shall now consider the deformation (dotted line in Figure 2.5) caused by 

the application of a normal load, P , on both bodies of general shape (chosen 

convex for convenience). 

Due to such a normal load, two points 1T  and 2T  reasonably distant from the 

contact surface move towards the origin of the reference system, O , whereas the 

points 1 1( , , )S x y z  and 2 2( , , )S x y z  on the contact surface move along the z  axis 

by an amount equal to 1zu  and 2zu , measured from 1T  and 2T , respectively.  In 

such a situation, the following two cases may arise:  
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Figure 2.5  Contact between non-conforming bodies, characterized by different general 

profiles: deformation due to constant normal load, P  (dashed lines). 

 

i) 1S  and 2S  are coincident, that means that the two points are located within 

the contact region.  In such a case, the following equality holds: 
 

1 2 1 2z zu u h δ δ+ + = +  (2.5) 

 

And, by means of Equation (2.3), it becomes: 
 

2 2
1 2 1 2z zu u Ax Byδ δ+ = + − −  (2.6) 

 

ii)  1S  and 2S  are not coincident, that means that the two points lie outside the 

contact region.  In such a case, the following equality holds: 
 

2 2
1 2 1 2z zu u Ax Byδ δ+ > + − −  (2.7) 
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In order to analyse the deformation due to contact pressure, it is necessary to 

determine the distribution of the pressure field at the contact interface, such that the 

resulting displacements, normal to the surfaces, satisfy both Equation (2.6) within 

the contact area and Equation (2.7) outside such an area. 

Heinrich Hertz (Hertz, 1896) was the first one to achieve significant results 

concerning the problem of the contact between two elastic bodies of general shape, 

clamped against each other by means of a constant normal load.  He considered 

some hypotheses in order to simplify the problem.  In more detail, by considering 

the half-width a  of the contact region, the radius R of curvature of the two bodies, 

the depth l  of such bodies, the deformation yε  in correspondence of the yielding 

of the material, the friction coefficient µ , Hertz assumed that: 

1) a R<< , that is, the width of the contact surface is negligible with respect 

to the radius of curvature for each body.  Such a hypothesis allows us to 

approximate the contact surfaces to an elastic half-space; 

2) a l<< , that is, each body can be considered as an elastic half-space loaded 

over an elliptical region at the surface.  Such a hypothesis allows us to 

obtain a stress/deformation field that is not influenced by the presence of 

the solid boundary; 

3) yε ε< , that is, the magnitude of the deformations near the contact region 

allows us to apply the theory of elasticity; 

4) 0µ = , that is, the surfaces of the bodies are frictionless, that is, only 

normal stress is transferred. 

Therefore, as far as two cylindrical bodies in contact along their longitudinal 

axes are considered, the contact surface consists in a strip of width 2a , lying 

parallel to the axes of the cylinders (Figure 2.6).  Such a contact surface may be 

considered as the limit of the elliptical surface that characterizes the contact 

between general bodies, as one of the axes tends to infinite.  It is important to 

highlight that a plane strain condition may be assumed and, consequently, only x 

and z  coordinates are considered (Figure 2.6). 

Equation (2.3) allows us to express the separation h  between two cylindrical 

bodies as follows: 
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Figure 2.6  Contact between cylindrical bodies. 

 

2 2

1 2

1 1 1 1

2 2
h x x

R R R

 
= + = 

 
 (2.8) 

 

being 
1 2

1 1 1

R R R

 
= + 
 

.  Hence, for points lying on the contact surfaces, the 

condition represented by Equation (2.6) must be respected: 

 

2
1 2 1 2

1

2
z zu u x

R
δ δ+ = + −  (2.9) 

 

whereas, for points outside the contact surface, the condition represented by 

Equation (2.7) holds: 
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2
1 2 1 2

1

2
z zu u x

R
δ δ+ > + −  (2.10) 

 

By means of the Hertzian theory, it is possible to uniquely determine the normal 

pressure distribution, ( )p x , that satisfies Equations (2.9) and (2.10).  More 

precisely, by differentiating both contributions of Equation (2.9), it is possible to 

obtain: 

 

1 2 1z zu u
x

x x R

∂ ∂+ = −
∂ ∂

 (2.11) 

 

Moreover, by exploiting the results reported by Johnson (Johnson, 1985) related 

to the displacement field of a half-space due to the presence of a normal load, it is 

possible to write: 

 

1 2 2 ( )

*

a
z z

a

u u p s
ds

x x E x sπ −

∂ ∂+ = −
∂ ∂ −  (2.12) 

 

where *E  represents the elastic modulus for plane strain condition.  In the case of 

two bodies in contact, it becomes 
2 2

1 2

1 2

1 11

*E E E

ν ν− −= + . 

Therefore, by considering Equations (2.11) and (2.12), we can derive: 

 

( ) *

2

a

a

p s E
ds x

x s R

π

−
=

−  (2.13) 

 

from which the normal pressure distribution, ( )p x , can be obtained: 
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( ) 2222

2
2

2
2

*
)(

xa

P

xa

a
x

R

E
xp

−
+

−

−
−=

ππ
π

 (2.14) 

 

In order to determine a distribution ( )p x  of compression on the whole contact 

region and a finite stress gradient at the edges of such an area, it is possible to 

demonstrate (Hertz, 1896; Johnson, 1985) that the constant normal load P  must be 

equal to the following expression: 

 

R

Ea
P

4
*2π=

 
(2.15) 

 

Therefore, by combining Equations (2.14) and (2.15), it is possible to determine 

the contact semi-width, a , between two cylindrical half spaces: 

 

*

4

E

RP
a

π
=  (2.16) 

 

Moreover, the normal pressure distribution arising at the contact interface 

between the two cylindrical bodies is obtained from Equation (2.14): 

 

22
2

2
)( xa

a

P
xp −=

π  
(2.17) 

 

Such a distribution, named Hertzian contact pressure distribution, is 

characterized by a parabolic shape (Figure 2.7) with a maximum value in the 

middle of the contact region ( 0x = ) equal to: 
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Figure 2.7  Contact pressure distribution, ( )p x , at the interface of cylindrical bodies, 

subject to constant normal load, P . 
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P
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ππ
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(2.18) 

 

The determination of stresses due to cylindrical contact was firstly provided in a 

simplified form by McEwen (McEwen, 1949).  In more detail, the components of 

the stress tensor, produced by a general constant load P  in the vicinity of the 

contact zone, are given by: 
 

2 2
0

2 2
1 2P

x

p z n
m z

a m n
σ

  += − + −  +  
 (2.19a) 

2 2
0

2 2
1P

z

p z n
m

a m n
σ  += − − + 

 (2.19b) 

2 2
0

2 2

2 2
0

2 2

for 0

for 0

P
xz

p m z
n x

a m n

p m z
n x

a m n

τ

  −− ≥  +  = 
 − <  + 

 (2.19c) 
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where the functions m and n are given by: 
 

( ) ( )22 2 2 2 2 2 2 2 21
4

2
m a x z x z a x z = − + + + − +  

 (2.20a) 

( ) ( )22 2 2 2 2 2 2 2 21
4

2
n a x z x z a x z = − + + − − +  

 (2.20b) 

 

Nevertheless, the influence of a cyclic tangential load on both stress and 

displacement fields is not taken into account by the Hertzian theory, and will be 

analysed in the following Section. 

 

2.4.2 Static tangential load in contact problems 
The influence of a static tangential force, Q , on both stress and displacement fields 

within two bodies in contact is analysed in the present Section. 

Let us consider two bodies of general profile, subject to both a normal load, P , 

and a tangential load, Q , as is shown in Figure 2.8. 
 

Q

Q
P

O x

z

y

P

body 2

body 1

 

Figure 2.8  Contact between non-conforming bodies, characterized by different general 

profiles, subject to both constant normal load, P , and constant tangential load, Q . 
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Firstly, the effect of the tangential force on size and shape of the contact 

surfaces, as well as on the distribution of normal pressure on such an area, needs to 

be analysed.  In order to ensure the equilibrium, the distribution ( )1 ,q x y  of 

tangential load on surface 1 needs to be equal, but with opposite direction, to the 

distribution ( )2 ,q x y  of tangential load on surface 2: 

 

( ) ( )1 2, ,q x y q x y= −  (2.21) 

 

It is important to highlight that Boussinesq studies (Boussinesq, 1885) allow to 

affirm that the normal displacement on contact surface is proportional, for each 

body, to the value 1 2G ν− , where G  represents the tangential elastic modulus.  

Thus, by considering Equation (2.21), it can be written: 

 

( ) ( )yxu
G

yxu
G

zz ,
21

,
21

2

2

2
1

1

1

νν −
−=

−  
(2.22) 

 

where ( )1 ,zu x y  and ( )2 ,zu x y  represent the displacements of points lying on the 

contact surface of body 1 and body 2, respectively.  The Poisson coefficients 1v  

and 2v  and the tangential elastic moduli 1G  and 2G  are related to body 1 and body 

2, respectively. 

Equation (2.22) shows that, if the two bodies in contact are characterised by the 

same elastic properties, the tangential forces transmitted between them give rise to 

normal displacements in body 1 that are equal to those in body 2, with opposite 

direction.  Therefore, the size and shape of the contact area is not affected by the 

deformation of the surfaces.  Consequently, such an area does not depend on the 

tangential load Q , and is function of the normal load P  only.  

On the other hand, if the two bodies are characterised by different mechanical 

properties, the normal pressure distribution, ( )p x , and the size and shape of the 

contact surface are influenced by the presence of the tangential load.  Such an 
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influence was analysed by Bufler (Bufler, 1959), who analytically proved that the 

presence of a tangential load causes both the shifting of centre and the increasing of 

size of the contact surface.  Nevertheless, such an influence is negligible for small 

values of friction coefficient, typical of mechanical applications. 

Therefore, in the following, the stresses and deformation due to the normal 

pressure are assumed to be independent of the stresses and deformation due to the 

tangential traction.  In more detail, the superposition principle is used in order to 

define both stress and deformation fields. 

As far as both a constant normal load, P , and a constant tangential load, Q , are 

present, two cases may arise: 

i) Total slip between the bodies, that is, the tangential force can be 

determined as a function of the normal load, by means of the friction 

coefficient µ  (Q Pµ= ); 

ii)  Partial slip between the bodies, that is, even if no relative motions arise, 

additional stresses due to friction are induced to the contact surface 

( Q Pµ< ). 

In the present Ph.D. Thesis, contact problems in partial slip conditions are 

analysed, due to the fact that total slip is rare in most of the structural components 

affected by contact problems (Hills, 1994).  Moreover, as was highlighted by 

Madge et al. (Madge, 2007) and Araújo (Araújo, 2015), the most significant 

reduction of fatigue life occurs in partial slip regime. 

Therefore, let us consider two bodies subject to a constant normal load, P , and 

a constant tangential load, Q , characterised by a partial slip regime, that is, 

Q Pµ<  (Figure 2.9).  

As far as partial slip regime is concerned, at least one point laying on the 

contact surface is not affected by relative motion.  More precisely, the contact 

region consists of two areas: the slip zone and the stick one.  The first one is 

characterised by a relative slip between the contact surfaces, whereas the latter 

presents a prefect adherence between the contact surfaces, without relative 

motions. 

Let us consider two points 1T  and 2T  reasonably distant from the contact 

surface, with the corresponding displacements 1xδ  and 2xδ , and two points 1A  
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and 2A  on the contact surface, with the corresponding displacements, 1xu  and 

2xu .  The absolute displacement xs  in the x  direction between 1A  and 2A  may 

be expressed as follows: 
 

( ) ( ) ( ) ( )1 2 1 21 2 1 2 1 2x x x xx x x x x x xs s s u u u uδ δ δ δ= − = − − − = − − −  (2.23) 

 

whereas the absolute displacement ys  in the y  direction may be expressed by: 

 

( ) ( ) ( ) ( )1 2 1 21 2 1 2 1 2y y y yy y y y y y ys s s u u u uδ δ δ δ= − = − − − = − − −  (2.24) 
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Figure 2.9  Contact between non-conforming bodies, characterized by different general 

profiles: deformation due to both constant normal load, P , and constant tangential 

load, Q . 
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In the case of points 1A  and 2A  located within the stick region, the absolute 

displacements xs  and ys  are equal to zero and no relative motion arises.  

Consequently, Equations (2.23) and (2.24) become: 

 

1 2 1 2x x x xu u δ δ− = −  (2.25a) 

1 2 1 2y y y yu u δ δ− = −  (2.25b) 

 

It is possible to remark that all the points within the stick region undergo the 

same displacement, regardless of the position of 1A  and 2A .  Moreover, if the two 

bodies are characterised by the same value of elastic modulus, they are subjected to 

the same distribution of tangential load and thus, by considering Equation (2.21), it 

is possible to obtain: 

 

1 2x xu u= −  (2.26a) 

1 2y yu u= −  (2.26b) 

 

Moreover, in order to assure that within the stick region no slip arises between 

the bodies, the contact shear distribution, ( ),q x y , must undergo the following 

condition: 

 

( ) ( ), ,q x y p x yµ<  (2.27) 

 

On the other hand, within the slip regions, where slip between bodies arises, the 

conditions of Equation (2.25) can not be applied, and the condition of Equation 

(2.27) becomes: 
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( ) ( ), ,q x y p x yµ=  (2.28) 

 
Moreover, as a consequence of the physical nature of the phenomena, the 

contact shear distribution needs to have a direction opposite to that of the relative 

slip between the bodies, ( ),s x y .  More precisely, the following condition holds: 

 

( )
( )

( )
( )

, ,

, ,

q x y s x y

q x y s x y
= −  (2.29) 

 
Note that Equations (2.25) and (2.27) provide the boundary conditions for the 

stick region, whereas Equations (2.28) and (2.29) provide the boundary conditions 

for the slip region.  Since the distributions of tractions and displacements that 

satisfy such conditions are not known in advance, it is useful to start by assuming 

that the stick region covers the whole contact area. 

 

As far as two cylindrical bodies in contact along their longitudinal axes are 

concerned, the half-width a  of the contact area and the contact pressure 

distribution ( )p x  are determined through the Hertzian theory. 

Firstly, let us assume that the value of the friction coefficient is sufficiently high 

to prevent relative slip throughout the whole contact surface, that is, Equations 

(2.38) hold for a x a− ≤ ≤ .  In such a condition, each point on the contact surface 

experiences the same displacement and thus, according to the theory of elastic half-

space, the loading distribution is characterised by the shape shown in Figure 2.10, 

and its expression is equal to: 

 

22
)(

xa

Q
xq

−
=

π  
(2.30) 
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Figure 2.10  Contact shear distribution, ( )q x , due to constant tangential displacements 

at the interface of cylindrical bodies, subject to both constant normal load, P , and 

constant tangential load, Q . 

 

The contact shear distribution is highlighted to tend to infinite at the contact 

edges (x a= ± ).  However, such a condition is incompatible with the initial 

hypothesis of total adherence, since it would require a friction coefficient also 

tending to infinite.  As a consequence, relative slips should arise at the edges of the 

contact zone, where ( )q x  reaches high values, whereas adherence is expected in 

the inner region. 

Now let us consider a partial slip condition, with the tangential load Q  equal to 

Pµ .  The solution for such a case was firstly proposed by Cattaneo (Cattaneo, 

1938) and, independently, by Mindlin (Mindlin, 1949).  The contact shear 

distribution, '( )q x , may be expressed by means of the Hertzian theory: 

 

2 20'( ) ( )
p

q x p x a x
a

µµ= = −  (2.31) 
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Moreover, the tangential displacements due to '( )q x  may be determined in a 

similar way to that used for the normal displacements due to an Hertzian contact 

pressure distribution.  More precisely, in the case of absence of slip in 0x = , it is 

possible to obtain: 

 

( )2 2
1 0

1 1
1

1
' 'x x

p x
u

aE

ν µ
δ

−
= −  (2.32a) 

( )2 2
2 0

2 2
2

1
' 'x x

p x
u

aE

ν µ
δ

−
= − +  (2.32b) 

 
As far as points within the zone c x c− ≤ ≤  (Figure 2.11) are concerned, an 

additional contribution, ''( )q x , to the contact shear distribution needs to be taken 

into account:  

 

2 20"( )
p

q x c x
a

µ
= − −  (2.33) 

 
The tangential displacements due to ''( )q x  are equal to: 

 

( )2 2
1 0

1 1
1

1
" "x x

p xc
u

a cE

ν µ
δ

−
= − +  (2.34a) 

( )2 2
2 0

2 2
2

1
" "x x

p xc
u

a cE

ν µ
δ

−
= −  (2.34b) 
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Figure 2.11  Contact shear distributions, '( )q x  and ''( )q x , at the interface of 

cylindrical bodies, subject to both constant normal load, P , and tangential load, Q . 

 

Then, the resultant tangential displacements, 1xu  and 2xu , are determined by 

superposing the effects produced by '( )q x  with those produced by ''( )q x : 

 

1 1 1 1 1 1' " ' "x x x x x xu u u δ δ δ= + = − =  (2.35a) 

2 2 2 2 2 2' " ' "x x x x x xu u u δ δ δ= + = − + = −  (2.35b) 

 

By analysing Equations (2.35), it can be noted that the displacements within the 

region c x c− ≤ ≤  are constant.  More precisely, by substituting Equations (2.35) in 

Equation (2.25a), the condition of perfect adherence between the two surfaces is 

satisfied.  Moreover, the contact shear distribution in such a region is equal to: 
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( )22220)(")(')( xcxa
a

p
xqxqxq −−−=+= µ

 
(2.36) 

 

Note that, since c a< , ( )q x  is lower than the maximum value, ( )p xµ , related 

to the slip condition.  Therefore, the second condition that ensures the perfect 

adherence between the bodies, represented by the Equation (2.27), is also satisfied. 

On the other hand, as far as points within the zone c x a≤ ≤  are concerned, the 

condition represented by Equation (2.28) for slip regions is automatically satisfied 

when '( )q x  is determined, as is reported in Equation (2.31). 

Then, in order to satisfy also the condition concerning the direction of 

displacements, represented by Equation (2.29), the displacement field produced by 

an elliptical contact shear distribution is required.  Such displacements, 1xu , have 

been evaluated by Poritsky (Poritsky, 1950) and are qualitatively plotted in Figure 

2.12. 
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Figure 2.12  Qualitative shape of 1xu , 1'xu  and 1''xu  displacement fields. 
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The absolute slip between two points lying on the contact surface is given by 

Equation (2.23): 

 

( )1 2x xx xs u u δ= − −  (2.37) 

 

Note that the value of 1xu  is lower than that of 1xδ  in each point of the slip 

region (Figure 2.12).  In the same way, it is possible to demonstrate that the value 

of 2xu  is lower than that of 2xδ  within the slip region.  Therefore, by considering 

Equation (2.37), it is possible to deduce that the absolute slip xs  is negative and 

thus its direction is opposite with respect to the contact shear distribution. 

Moreover, Johnson (Johnson, 1985) demonstrated that the contact shear 

distribution qualitatively shown in Figure 2.13 and given by: 
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Figure 2.13  Contact pressure distribution, ( )p x , and contact shear distribution, ( )q x , 

at the interface of cylindrical bodies, subject to both constant normal load, P , and 

constant tangential load, Q . 
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2 20

2 2 2 20

for
( )

for

p
a x c x a

aq x
p

a x c x x c
a

µ

µ

 − ≤ ≤= 
  − − − < 

  

 (2.38) 

 

together with the contact pressure distribution, satisfies the boundary conditions 

both within ( c x c− ≤ ≤ ) and outside (c x a≤ ≤ ) the stick region. 

Furthermore, the size of the stick region may be determined by imposing the 

equilibrium of tangential forces as follows: 

 

2

( ) '( ) "( )
a a c

a a c

c
Q q x dx q x dx q x dx P P

a
µ µ

− − −

 = = + = −  
     (2.39) 

 

so that: 
 

1
Q

c a
Pµ

= −  (2.40) 

 

It is important to highlight that, as P  is kept constant whereas Q  is 

progressively increased, a slip region appears at the edges of the contact surface 

and progressively spreads inwards the contact area.  As Q  approaches the limit 

value of slip (Q Pµ= ), the stick region shrinks to a line ( 0c = ), and a further 

increase of tangential load causes a total slip between the bodies. 

The determination of stresses due to cylindrical contact in the presence of a 

static tangential load, Q , may be deduced by employing the results determined by 

McEwen (McEwen, 1949) for the case of normal load, as is reported in Section 

2.3.1.  In more detail, because the contact shear distribution is directly proportional 

to the contact pressure distribution by means of the friction coefficient, the 

components of the stress tensor produced by a general tangential load Q  in the 

vicinity of the contact zone are given by (Johnson, 1985; Vantadori, 2017): 
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p z nz n
m z m z

a m n m n

µτ
       ++ = − + − + + −      + +         

 (2.41c) 

 

where the functions cm  and cn  are given by: 

 

( ) ( )22 2 2 2 2 2 2 2 21
4

2cm c x z x z c x z = − + + + − +  
 (2.42a) 

( ) ( )22 2 2 2 2 2 2 2 21
4

2cn c x z x z c x z = − + + − − +  
 (2.42b) 

 

Finally, the stress tensor may be determined by means of the superposition 

principle: 

 

P Q
x x xσ σ σ= +  (2.43a) 
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P Q
z z zσ σ σ= +  (2.43b) 

P Q
xz xz xzτ τ τ= +  (2.43c) 

 

where P
xσ , P

zσ  and P
xzτ  represent the components of the stress tensor due to a 

constant normal load, P , determined in Section 2.4.1 (Equations (2.19)).  

 

2.4.3 Cyclic tangential load in contact problems 
In the previous Sections, the contact problem characterised by loads in static 

regime has been analysed.  On the other hand, fretting fatigue is generally 

characterized by cyclic tangential loads, ( )Q t , that vary between two limiting 

values, maxQ  and minQ , over time. 

It is important to highlight that the contact shear distribution for cylindrical 

contact, obtained in Section 2.4.2 and reported in Equation (2.38), is limited to the 

time instants corresponding to such limiting values.  The analysis of contact shear 

distribution in a general time instant, ( )min maxQ Q t Q< < , is thus of interest.  

Therefore, the influence of a cyclic tangential force, ( ) ( )aQ t Q sen tω=  

characterised by an amplitude aQ , on both stress and displacement fields within 

two bodies in contact is analysed in the present Section. 

Let us consider the time history shown in Figure 2.14. 
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Figure 2.14 Time history of cyclic tangential load, ( )Q t . 
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Points A and D  correspond to maxQ  and minQ , respectively.  By starting from 

point A, an infinitesimal decrease of tangential load (point B  in Figure 2.14) 

implies that the displacements variation over time is characterised by an opposite 

direction with respect to that in correspondence of time instants of increasing 

tangential load, and that means: 

 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

1 2 1 2

1 2 1 2

t B t A

t B t A

u t u t u t u t

t t

u t u t u t u t

t t

= =

= =

   ∂  −  ∂  −       
   ∂ ∂   = −
   ∂  −  ∂  −       
   ∂ ∂   

 (2.44) 

 
As a consequence, the condition represented by Equation (2.28) is no longer 

satisfied, and a perfect adherence arises on the whole contact surface. 

Furthermore, an additional decrease of the tangential load (from point B  to 

point C  in Figure 2.14) gives rise to a reverse slip at the edges of the contact 

surface (c x a≤ ≤ ).  In such an area, the contact shear distributions reported in 

Equation (2.38) need to be changed in sign in order to satisfy Equation (2.29) 

(Hills, 1994). 

Let us consider two cylindrical bodies in contact along their longitudinal axes, 

subject to a constant normal load P , and a cyclic tangential load ( )Q t  (Figure 

2.15). 

It is possible to demonstrate (Johnson, 1985) that an additional contribution, 

( )''' ,q x t , to the contact shear distribution reported in Equation (2.38) has to be 

taken into account in order to satisfy the boundary conditions: 

 

( )2 202
"'( ) '

p
q x c t x

a

µ
= −  (2.45) 
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Figure 2.15  Contact between cylindrical bodies, subject to both constant normal, P , 

and cyclic tangential load, ( )Q t . 

 

where ( )'c t  represents the instantaneous half-width of the stick region.  Therefore, 

for a general time instant, the contact shear distribution is qualitatively shown in 

Figure 2.16, and Equation (2.38) becomes: 
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  − − − − + −   
 <

 (2.46) 

 

Moreover, ( )'c t  may be determined by imposing the equilibrium of tangential 

forces, in a similar way to that reported in Equation (2.39): 
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Figure 2.16  Qualitative contact shear distribution ( ),q x t  due to cyclic tangential 

load, ( )Q t . 

 
 

( ) ( )
' 1

2
maxQ Q t

c t a
Pµ

−
= −  (2.47) 

 

Note that the value of the half-width c  of the stick region remains constant 

during the whole cycle, and may be determined as follows: 

 

1 aQ
c a

Pµ
= −  (2.48) 

 
 

2.4.4 Cyclic bulk load in contact problems 
Fretting fatigue occurs in presence of a cyclic load (or a cyclic stress), named bulk 

load (or bulk stress), caused by an external source and applied to at least one of the 

two bodies in contact.  The influence of such a load on the contact stress field 

within two bodies in contact is analysed in the present Section. 
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Let us consider two cylindrical bodies in contact along their longitudinal axes, 

subject to a constant normal load P  and a cyclic tangential load 

( ) ( )aQ t Q sen tω= , varying according to the time history shown in Figure 2.14.  

Moreover, a cyclic bulk stress, ( ) ( ), ,B B aB mt sen tσ ωσ σ+= , characterised by an 

amplitude ,B aσ  and a mean value ,B mσ , in phase with ( )Q t , is applied to one of 

the two bodies in contact  (Figure 2.17). 
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Figure 2.17  Contact between cylindrical bodies, subject to both constant normal load, 

P , cyclic tangential load, ( )Q t , and cyclic bulk stress, ( )B tσ . 

 

By assuming a linear elastic behaviour, the stress field due to the cyclic bulk 

stress may be taken into account by means of the superposition principle.  

Nevertheless, in the body where such a stress is applied, a deformation arises.  

Such a deformation is not experienced by the other body and, consequently, the 

deformation states of the two bodies at the contact surface are not conforming. 

According to Hills and Nowell (Hills, 1994), the presence of ( )B tσ  promotes 

an eccentricity e of the stick zone towards the contact trailing edge.  At the time 
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instant for which ( )Q t  attains its maximum value, the value of e  can be computed 

by means of the following expression: 

 

,

04
B ae a
p

σ
µ

=  (2.49) 

 

Note that such an expression only holds in partial-slip regime, that is, with small 

values of ,B aσ  and, in particular, the following condition needs to be satisfied: 

 

, 04 1 1 a
B a

Q
p

P
σ µ

µ
 

≤ − −  
 

 (2.50) 

 

Moreover, at the time instants when ( )Q t  attains both its maximum and 

minimum values, the contact shear distribution is qualitatively shown in Figure 

2.18, and Equations (2.38) and (2.46) become: 
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Figure 2.18  Qualitative contact shear distribution ( ),q x t  due to both cyclic tangential 

load, ( )Q t , and cyclic bulk stress, ( )B tσ , when they attain their maximum values. 
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The contact shear distribution ( , )q x t  in a general time instant is qualitatively 

shown in Figure 2.19, and Equation (2.51) may be generalised as follows: 
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Figure 2.19  Qualitative contact shear distribution ( ),q x t  due to both cyclic tangential 

load, ( )Q t , and cyclic bulk stress, ( )B tσ , at a general time instant. 

 

 
being '( )e t  the instantaneous eccentricity of the stick region: 

 

( ),
0

'( )
8 B max B

a
e t t

p
σ σ

µ
 = −   (2.53) 

 

The stresses due to cylindrical contact in the presence of a cyclic tangential load 

( )Q t  and a cyclic bulk stress ( )B tσ , in phase with ( )Q t  and applied to one of 

the two bodies in contact, may be deduced by employing the results determined by 

McEwen (McEwen, 1949) for the case of normal load, as is reported in Section 

2.4.1.  In more detail, the components of the stress tensor, produced by a cyclic 

tangential load, in the vicinity of the contact zone at the time instant when ( )Q t  

attains its maximum value, are given by (Johnson, 1985; Vantadori, 2021): 
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where the functions em  and en  are given by: 

 

( ) ( ) ( )
22 2 22 2 2 2 2 21

4
2em c x e z x e z c x e z
    = − − + + − + − − +     

 (2.55a) 

( ) ( ) ( )
22 2 22 2 2 2 2 21

4
2en c x e z x e z c x e z
    = − − + + − − − − +     

 (2.55b) 

 

In Figure 2.20, the stress component profiles due to fretting loading in 

correspondence of the xz plane are shown, at the trailing edge of the contact zone 

(that is x a= ), due to the normal load (Figure 2.20(a)) and the tangential load 

(Figure 2.20(b)). 
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Figure 2.20  Stress component profiles at the trailing edge of the contact zone (x a= ), 

due to: (a) constant normal load, P , and (b) cyclic tangential load, ( )Q t . 

 
Moreover, the direct contribution of the cyclic bulk stress to the stress field 

consists of a normal stress component.  In particular, the expression of such a stress 

component, at the time instant for which both ( )Q t  and ( )B tσ  attain their 

maximum values, is given by: 

 

, ,
B
x B m B aσ σ σ= +  (2.56) 

 

Finally, by superimposing the stress contributions due to the constant normal 

load (Equations (2.19)), the cyclic tangential load (Equations (2.54)) and the cyclic 

bulk load (Equation (2.56)), the specimen stress tensor due to fretting fatigue 

loading can be evaluated.  In particular, at the time instant in correspondence to the 

maximum value of both bulk stress and tangential force, the stress components turn 

out to be: 

 

P Q B
x x x xσ σ σ σ= + +  (2.57a) 
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P Q
z z zσ σ σ= +  (2.57b) 

P Q
xz xz xzτ τ τ= +  (2.57c) 

 

It should be highlighted that ( )y x zσ ν σ σ= +  due to plane strain condition. 
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3 
FORMULATION OF AN ADVANCED METHODOLOGY 

FOR FRETTING FATIGUE ASSESSMENT 
 
 
 
 
3.1 Introduction 

The present Chapter deals with the description of the advanced analytical 

methodology proposed in the present Ph.D. Thesis for fretting fatigue assessment 

of structural components.  In more detail, such a methodology may be employed in 

order to evaluate both the initial crack path and the lifetime of metallic structures 

under fretting fatigue elastic partial slip loading conditions.  Consequently, being 

based on linear‐elastic formulations, it could be easily applied to practical 

situations in the industrial field. 

Note that the above methodology has been originally proposed by Carpinteri et 

al. (Carpinteri, 2019), and some applications are available in the literature 

(Vantadori, 2020a; Vantadori, 2020b; Vantadori, 2021; Zanichelli, 2020).  

The proposed methodology falls in the category of stress‐based critical‐plane 

approach.  In particular, the criterion by Carpinteri et al. (Carpinteri, 2011) for 

metallic structures under multiaxial constant amplitude fatigue loading in 

high‐cycle fatigue regime, originally proposed for plain fatigue conditions and 

subsequently developed for fatigue assessment of smooth, notched, and welded 

components characterised by high‐cycle fatigue regime (Carpinteri, 2015; Ronchei, 

2016), is here extended to the case of fretting fatigue.  The Carpinteri et al. 

criterion is implemented in conjunction with the Critical Direction Method 

proposed by Araújo et al. (Araújo, 2017), and the philosophy related to the theory 

of the Critical Distance by Taylor (Taylor, 2007) is also taken into account in the 

procedure. 

More precisely, the proposed advanced methodology consists of the following 

steps: 
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i) Firstly, the stress field used as input for the Carpinteri et al. criterion is 

analytically evaluated by using both the closed‐form solution by Johnson 

(Johnson, 1985), based on the formalisms by Hertz (Hertz, 1896), Cattaneo 

(Cattaneo, 1938) and Mindlin (Mindlin, 1949), and McEwen (McEwen, 

1949), and the closed‐form solution by Nowell and Hills (Nowell, 1987).  

Such an analytical formulation in the case of cylindrical contact has been 

detailed in Chapter 2; 

ii)  Subsequently, the critical plane orientation is determined in accordance to 

the Critical Direction Method proposed by Araújo et al.; 

iii)  Then, the verification point is determined by means of concepts taken by 

the theory of the Critical Distance by Taylor; 

iv) Finally, the fatigue life is evaluated by means of the Carpinteri et al. 

criterion for fretting fatigue. 

In the following Sections, both the Critical Direction Method by Araújo et al., 

the theory of the Critical Distance by Taylor and the Carpinteri et al. criterion for 

fretting fatigue are described, and the advanced methodology proposed in the 

present Ph.D. Thesis is detailed. 

 

 

3.2 Critical Direction Method 

The Critical Direction Method has been proposed by Araújo et al. (Araújo, 2017) 

in order to be employed in conjunction with any critical plane-based criterion, for 

the estimation of the orientation of the crack initiation plane, that is to say, the 

orientation of the critical plane, in the case of high stress gradient zones. 

As is well-known, according to the critical plane‐based approach, the critical 

plane is determined by examining the fatigue load history at a single material point, 

named critical point.  However, in the case of high stress gradient, typical of 

fretting fatigue configurations, the choice of the critical point is not straightforward 

due to the variety of stress states in the process zone.  Moreover, it would seem 

more appropriate to analyse suitable quantities summarizing the stress field at the 

process zone instead of examining the fatigue load history related to a single point.  

In fact, in such a condition the critical planes related to adjacent material points 
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may be characterised by different orientations due to the variety of stress state in 

the process zone. 

As a matter of fact, from a mechanical point of view, the crack initiation 

direction in a high stress gradient zone does not depend on the stress state in a 

single point only, but it is controlled by an average stress condition within a given 

material volume (Araújo, 2002). 

In such a condition, the critical plane orientation is determined by maximising a 

suitable quantity computed over a process zone.  Such a process zone is 

represented by a line in two-dimensional problems (or a plane in three-dimensional 

problems) characterised by a physical dimension.  Note that such an association to 

a physical dimension is not typical of critical plane methods, in which the critical 

plane determination is limited to define its orientation. 

In such a way, the critical plane criteria should be applied as critical direction 

models. 

The implementation of the Critical Direction Method starts by considering a 

line (with orientation θ ) emanating from the crack initiation point H  on the 

material surface (Figure 3.1).  Analougsly to the philosophy of the theory of the 

Critical Distance by Taylor (Taylor, 2007) in the form of the Line Method, such a 

line has a length equal to 2L . 

Subsequently, the fatigue load histories of both normal stress, σ , and shear 

stress, τ , along such a line are computed by employing either an analytical 

formulation or a numerical method.  Then, both the normal and the shear stresses 

are averaged along the line, thus obtaining: 

 

H

crit

r
CRITICAL PLANE

2L
θ

 

Figure 3.1  Implementation of the Critical Direction Method proposed by Araújo et al. 

(Araújo, 2017). 
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( ) ( )
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0
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2

L

t r t dr
L

σ θ σ θ=   (3.1a) 

( ) ( )
2

0

1
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L

t r t dr
L

τ θ τ θ=   (3.1b) 

 

Within a loading cycle, the fatigue stress field along the above line is described 

by means of the maximum and the minimum values of both normal and shear 

stresses.  Therefore, the averaged maximum value, ( )maxσ θ , and amplitude, 

( )aσ θ , of the normal stress and the averaged amplitude, ( )aτ θ , of the shear stress 

during a loading cycle are given by: 

 

( ) ( )max max ,
t

tσ θ σ θ=     (3.2a) 

( ) ( ) ( ){ }1
max , min ,

2a
tt

t tσ θ σ θ σ θ=   −       (3.2b) 

( ) ( ) ( ){ }1
max , min ,

2a
tt

t tτ θ τ θ τ θ=   −       (3.2c) 

 

Finally, by means of the above quantities, the chosen fatigue parameter is 

computed for the specific orientation, according to the critical plane-based criterion 

adopted. 

Such a procedure is repeated by varying the orientation θ  from 0° to 180° 

(Figure 3.1) and, therefore, the critical plane is defined as that corresponding to the 

orientation critθ  for which the above fatigue parameter is maximized. 
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3.3 Theory of the Critical Distance 

In order to perform the fatigue assessment of a metallic component subject to 

fretting fatigue, a non-local approach should be employed in conjunction with a 

multiaxial fatigue criterion.  In particular, the use of non-local approaches allows 

us to take into account the high stress gradient close to the contact surface, thus 

leading to more accurate estimations in terms of lifetime (Nowell, 1988; Amargier, 

2010). 

Among the non-local approaches available in the literature, the Theory of the 

Critical Distance proposed by Taylor (Taylor, 1999; Taylor, 2007) is the most 

widespread, mainly because of its simplicity.  Such a Theory is based on concepts 

related to the Linear Elastic Fracture Mechanics and Continuum Mechanics, and 

has been originally proposed to deal with sharp geometries such as notches and 

cracks, in order to take into account the high stress gradient arising close to the 

geometric discontinuities.  Subsequently, the Theory of the Critical Distance has 

been successfully applied to fretting fatigue problems (Araújo, 2007; Araújo, 2008; 

Fouvry, 2014). 

According to the Theory of the Critical Distance, the fatigue damage in 

correspondence of stress raisers is related to an effective linear elastic stress 

quantity, effσ , which is assumed to be representative of the damaged zone.  Such a 

damage zone is associated to a material length, named critical distance, L . 

The effective stress quantity may be computed in different ways.  In particular, 

for bi-dimensional analyses, three different approaches related to three different 

domains can be employed: 

i) Point Method; 

ii)  Line Method; 

iii)  Area Method. 

Let us consider an infinite notched plate as is shown in Figure 3.2.  The 

reference system ,r θ , with the origin O  in correspondence of the apex of the 

crack, is introduced.  The plate is loaded by means of a remote tensile loading, σ .  

Consequently, the maximum principal stress 1σ  in the vicinity of the notch may be 

computed by means of the Linear Elastic Fracture Mechanics (Figure 3.2). 
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Figure 3.2  Maximum principal stress profile in a bi-dimensional stress riser. 

 
As far as the Point Method is concerned, the effective stress quantity is assumed 

to be equal to the value of the maximum principal stress at a distance equal to 2L  

from the apex of the notch, that is: 

 

( )1 0, 2eff r Lσ σ θ= = =  (3.3) 

 

A similar strategy can be used for fretting configurations, where the equality 

expressed by Equation (3.3) holds in a point located at a distance 2L  from the 

contact edge along a line perpendicular to the contact surface. 

 

As far as the Line Method is concerned, the effective stress quantity is 

computed by averaging the maximum principal stress up to a distance equal to 2L  

from the apex of the notch, that is: 

 

( )
2

1

0

1
0,

2

L

eff r dr
L

σ σ θ= =  (3.4) 
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A similar strategy can be used for fretting configurations, where the equality 

expressed by Equation (3.4) holds up to a distance equal to 2L  from the contact 

edge along a line perpendicular to the contact surface. 

 

As far as the Area Method is concerned, the effective stress quantity is 

computed by averaging the maximum principal stress over a semi-circular area, 

with the centre at the apex of the notch and a radius equal to L , that is: 

 

( )
2

12
2 0

4
,

L

eff r r dr d
L

π

π

σ σ θ θ
π

+

−

=    (3.5) 

 

A similar strategy can be used for fretting configurations, where the semi-

circular area characterised by a radius equal to L  is centred at the contact edge. 

It is important to highlight that the application of the Theory of the Critical 

Distance is strongly affected by the definition of the critical distance, L .  Such a 

distance has been defined as an intrinsic material parameter, and may be computed 

in different ways.  The following formulation based on the Fracture Mechanics was 

proposed by El-Haddad (El-Haddad, 1980): 

 

2

,

, 1

1 I th

af

K
L

π σ −

 ∆
=   ∆ 

 (3.6) 

 

where ,I thK∆  is the threshold stress intensity factor range for long cracks, and 

, 1afσ −∆  is the fatigue limit range for fully reversed normal loading. 

By taking into account the Point Method, Castro et al. (Castro, 2009) showed 

that the critical distance depends on the multiaxial fatigue criterion considered, and 

suggested to derive such a distance from the results of two different fatigue tests: 

one test on a smooth specimen, and another one on a cracked specimen under 

threshold condition. 
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Recent works have also correlated the critical distance to the number of loading 

cycles to failure (Kouanga, 2018; Susmel, 2007). 

Moreover, Taylor suggested that the critical distance should be associated with 

the material microstructure and that it could be taken equal to the average material 

grain size.  Such an assumption is also supported by experimental evidences in 

which the critical distance is generally found to be of the same scale as the 

microstructural parameters (Araújo, 2002), and the microcrack path has been 

observed to be affected by grain boundaries and crystallographic orientations 

(Araújo, 2017). 

 

 

3.4 Carpinteri et al. criterion 

The Carpinteri et al. criterion (Carpinteri, 2001; Carpinteri, 2011) is a multiaxial 

fatigue criterion based on the concept of the critical plane.  Such a criterion has 

been originally proposed for metallic structures subject to multiaxial constant 

amplitude fatigue loading in high‐cycle fatigue regime, and it is formulated in 

terms of stress. 

The critical plane-based criteria are based on the experimental observations of 

both crack nucleation and propagation due to fatigue loading (Marquis, 2003).  In 

particular, three stages may be distinguished in the fatigue fracture process: crack 

initiation, crack propagation, and final failure (Wulpi, 2013). 

The crack initiation stage is characterised by irreversible sub-microscopic 

changes, named dislocations, caused by cyclic shearing forces.  As cyclic loading 

continues to be applied, such shearing forces produce a dislocation slipping inside 

the crystal, commonly along a plane oriented at 45° with respect to the loading.  

Such a plane is named crack initiation plane.  Moreover, as such dislocations 

become more pervasive, thus involving different crystals, the coalescence of more 

microscopic cracks in a macroscopic crack may occur. 

Subsequently, during the crack propagation stage, the crack orientation changes 

from 45° to 90° with respect to the maximum principal stress direction (i.e. 

direction of the applied loading), and such a crack propagation occurs in a plane 

named final fracture plane.  Finally, the failure stage occurs because of the cross-

section reduction due to the fatigue crack propagation. 
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According to such experimental evidences, the Carpinteri et al. criterion allows 

to take into account both the crack initiation plane (characterised by a Mode II 

fracture behaviour) and the final fracture plane (characterised by a Mode I fracture 

behaviour) in the determination of the critical plane orientation.  In particular, such 

a criterion assumes: (a) as crack initiation plane, a plane whose orientation is linked 

to that of the final fracture plane through a function that takes into account the 

fatigue material properties (that is, the fatigue limits under fully reversed normal 

and shear stress); (b) as final fracture plane, a plane whose orientation is linked to 

averaged principal stress directions. 

According to the critical plane approach, the fatigue assessment of a structural 

component consists of two steps: Step I deals with the determination of the 

orientation of the critical plane; Step II deals with the fatigue failure assessment, 

carried out in such a plane.  In more details, the fatigue life is evaluated by 

employing an equivalent stress amplitude obtained after the reduction of the 

multiaxial stress state to an equivalent uniaxial one. 

 
3.4.1 Step I: determination of the critical plane orientation 
Let us consider a generic point, P , of a metallic structural component and a fixed 

reference system XYZ  with the origin in such a point.  The stress tensor ( )tσ  in 

P  at a generic time instant, t , of the fatigue load history (0 t T≤ ≤ , where T  is 

the period of the loading cycle) is: 

 

( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

x xy xz

xy y yz

xz yz z

t t t

t t t t

t t t

σ τ τ
τ σ τ
τ τ σ

 
 =  
 
 

σ  (3.7) 

 

In correspondence of such an instant, the principal stresses ( )1 tσ , ( )2 tσ , and 

( )3 tσ  (with ( ) ( ) ( )1 2 3t t tσ σ σ≥ ≥ ) and the corresponding principal directions 1, 

2 , and 3  can be computed.  Such principal directions are uniquely identified by 

means of the principal Euler angles ( )tφ , ( )tθ , and ( )tψ  (with ( )0 2tφ π≤ ≤ , 
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( )0 tθ π≤ ≤ , and ( )0 2tψ π≤ ≤ ), which represent three subsequent rotations 

around the Z , 'Y , and 1 axes, respectively (Figure 3.3).  Note that the limits 

( )0 2tθ π≤ ≤ , and ( )2 2tπ ψ π− ≤ ≤  need to be introduced in order to 

determine the principal Euler angles (Carpinteri, 1999). 

 

 

Figure 3.3  Definition of the principal stress directions 1, 2 , and 3  by means of the 

principal Euler angles φ , θ , and ψ  with respect to the fixed reference system XYZ . 

 

The principal stresses are generally time-varying under fatigue loading.  

Therefore, Carpinteri et al. (Carpinteri, 2011) proposed to compute the averaged 

values of the principal stresses within a loading cycle, identified by 1σ̂ , 2σ̂ , and 

3σ̂ .  The corresponding averaged principal stress directions 1̂, 2̂ , and 3̂  may be 

identified by means of the averaged principal Euler angles ̂φ , θ̂ , and ψ̂ . 

In more details, the principal Euler angles are averaged by means of a weight 

function: 

 

( ) ( )1 1,maxW t h tσ σ = −   (3.7) 

 

where ( )1 1,maxh tσ σ −   is the Heaviside step function, which is [ ] 1h x =  if 0x ≥  

and [ ] 0h x =  if 0x < . 

In more detail, such a weight function works so that the averaged principal 

Euler angles and, consequently, the averaged principal stress directions correspond 

to those at the time instant when the maximum principal stress attains its peak 
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value, 1,maxσ , within a loading cycle.  More precisely, the averaged principal Euler 

angles are given by: 

 

( ) ( )
0

1ˆ
T

t W t dt
W

φ φ=   (3.8a) 

( ) ( )
0

1ˆ
T

t W t dt
W

θ θ=   (3.8b) 

( ) ( )
0

1
ˆ

T

t W t dt
W

ψ ψ=   (3.8c) 

 

where 

 

( )
0

T

W W t dt=   (3.9) 

 

According to the Carpinteri et al. criterion (Carpinteri, 2000; Carpinteri, 2002), 

the normal to the final fracture plane is assumed to coincide with the ̂1-direction, 

identified by the mean Euler angles φ̂  and θ̂ .  Moreover, the normal w  to the 

crack initiation plane is assumed to be linked to the above ̂1-direction through the 

off-angle, δ , given by the following empirical expression: 

 

2

, 1

, 1

3
1 45

2
af

af

τ
δ

σ
−

−

  
 = − °     

 (3.10) 

 

where , 1afσ −  and , 1afτ −  are the fatigue limits under fully reversed normal stress and 

shear stress, respectively, at the reference number 0N  of loading cycles. 
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Such a rotation δ  is generally performed in the ˆ ˆ13 plane, from ̂1 to 3̂ .  Note 

that, as far as bi-dimensional problems are concerned, such a rotation has a 

physical meaning when it is performed in the plane containing the stress tensor 

components, i.e. in the ˆ ˆ13 plane when 2σ̂  is equal to zero, or in the ˆ ˆ12  plane when 

3σ̂  is equal to zero. 

In accordance to experimental observations (Brown, 1973), the off-angle δ  is 

equal to 0°  when the ratio between the fatigue limits , 1 , 1af afτ σ− −  is equal to 1 

(typical value in the case of hard metals), whereas it is equal to 45°  when the ratio 

between the fatigue limits , 1 , 1af afτ σ− −  is equal to 1 3 (typical value in the case 

of borderline mild/hard metals).  Therefore, the critical plane tends to coincide with 

the final fracture plane in hard metals, for which the Mode I is the predominant 

failure mode, and with the crack initiation plane for mild metals, for which the 

Mode II is the predominant failure mode.  According to the Carpinteri et al. 

criterion, the critical plane coincides with the dominant failure plane. 

 

3.4.2 Step II: fatigue failure assessment 
The second step deals with the computation of the stress components acting on the 

critical plane at point P  of the metallic structural component.  In particular, let us 

consider a local reference system uvw (centred in P ), in which w  is the normal to 

the critical plane, whereas u  is determined by the intersection between the critical 

plane with the plane containing both the versor w  and the axes Z , and v  is 

perpendicular to u , both u  and v  laying on the critical plane (Figure 3.4).  

The stress vector at the generic time instant t  can be deduced from the stress 

tensor as follows: 

 

( ) ( )w t t=S wσσσσ ⋅⋅⋅⋅  (3.11) 

 

Then, a normal stress component perpendicular to the critical plane, ( )tN , and 

a shear stress component lying on the critical plane, ( )tC , may be computed at the 

generic time instant t : 
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Figure 3.4  Stress components acting on the critical plane, referred to the local reference 

system uvw. 

 

( ) ( )wt t=   w S wΝ ⋅Ν ⋅Ν ⋅Ν ⋅  (3.12a) 

( ) ( ) ( )wt t t= −C S N  (3.12a) 

 

In the case of constant amplitude multiaxial cyclic loading, both ( )tN  and 

( )tC  are periodic functions.  In more detail, the normal stress component is 

characterised by a fixed direction with respect to time and, hence, its modulus is: 

 

( ) ( ) ( )wt t tΝ = =w S w wσσσσ⋅ ⋅ ⋅⋅ ⋅ ⋅⋅ ⋅ ⋅⋅ ⋅ ⋅  (3.13) 

 

Moreover, both the mean value mΝ  and the amplitude aΝ  are easily evaluated: 
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On the other hand, the shear stress component lying on the critical plane has a 

time‐varying direction.  In particular, during the fatigue load history, the vector 

( )tC  describes a closed path, Σ , on the critical plane.  A closed-form equation of 

Σ  is available for simple load history only.  As far as a more complex load history 

is concerned, a polygonal path, 'Σ , consisting of n  vertexes may be used as an 

approximation of the real path, so that lim '
n→∞

Σ = Σ  (Carpinteri, 2014).   

Different methods available in the literature (Susmel, 2009) may be used in 

order to determine the shear stress component.  Among them, the Longest Chord 

method (Lemaitre, 1990), the Longest Projection method (Grubisic, 1976), and the 

Minimum Bounding Circle method (Papadopoulos, 1998) are worth noting.  

Nevertheless, such methods are not able to uniquely compute the shear stress 

components in some cases.  Moreover, they lead to high computational costs when 

complex load histories are investigated. 

The shear stress component may be uniquely computed by means of the 

Maximum Rectangular Hull (MRH) method, recently proposed by Araújo et al. 

(Mamiya, 2002; Mamiya, 2009; Araújo, 2011).  Such a method, implemented in 

the Carpinteri et al. criterion (Carpinteri, 2013; Carpinteri, 2014), works by 

bordering the closed path Σ  by means of different rectangles, each characterised 

by an orientation, Θ , with respect to the reference system uvw (Figure 3.5). 

The components uC  and vC  of the shear stress vector along u  and v  

directions, respectively, can be computed through the MRH method. 

 

 

Figure 3.5  Closed path Σ  of the shear stress component bordered by means of a generic 

rectangle, according to the Maximum Rectangular Hull method (Carpinteri, 2013). 
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Moreover, the amplitudes of such components correspond to the half sides of 

the rectangle and, consequently, are determined as follows: 

 

( ) ( ) ( ){ }, 00

1
max , min ,

2u a u ut Tt T
C C t C tΘ Θ Θ

≤ <≤ <
=   −       (3.15a) 

( ) ( ) ( ){ }, 00

1
max , min ,

2v a v vt Tt T
C C t C tΘ Θ Θ

≤ <≤ <
=   −       (3.15b) 

 

Then, the amplitude aC  of the shear stress component is given by: 

 

( ) ( )2 2

, ,
0 90
maxa u a v aC C C

Θ
Θ Θ

°≤ < °
   = +     (3.16) 

 

The fatigue failure assessment is carried out referring to the critical plane, by 

comparing the following equivalent uniaxial stress amplitude, ,eq aσ , with the 

fatigue limit under fully reversed normal stress: 
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m

eq a a af
u

N
N N σ

σ−

 
= +  

 
 (3.18) 

 

where uσ  is the material ultimate tensile strength.  Note that, in the case the value 

of uσ  is not available, the yield stress might be used instead of the ultimate tensile 

strength, especially in the case of mild metals. 

Equation (3.18) considers the linear relationship between aN  and mN  proposed 

by Goodman (Goodman, 1899), which allows us to take into account the strength 
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decrease due to the simultaneous presence of a tensile mean normal stress and an 

alternating normal stress.  Then, mN  should be conservatively assumed to be equal 

to zero in the case of a compressive mean normal stress.  Nevertheless, according 

to Stephens et al. (Stephens, 2000) the Goodman expression can be extrapolated for 

negative mean stress, if the stress level is beneath the yielding stress value of the 

material.  Therefore, in order to take into account the beneficial effect produced by 

the compressive residual stress field on fatigue life, mN  is considered in the 

computation of ,eq aN  even in the case of negative value of mean normal stress. 

For the finite fatigue life evaluation, the finite life fatigue strengths, , 1'afσ −  and 

, 1'afτ − , proposed by Basquin (Basquin, 1910) are employed, instead of the fatigue 

limits under fully reversed normal and shear loading, respectively: 
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where 0N  is the reference number of loading cycles (generally 6
0 2 10N = ⋅ ) for 

the material fatigue limits under fully reversed normal and shear loading, , 1afσ −  

and , 1afτ − , respectively, whereas m  and *m  are the slopes of the S-N curve under 

fully reversed normal and shear loading, respectively. 

Finally, fatigue life is evaluated by means of an iterative procedure.  More 

precisely, the number of loading cycles to failure, ,f calN , is computed by solving 

the following expression obtained by replacing Equation (3.18) and Equations 

(3.19) into Equation (3.17): 
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3.5 Advanced methodology: description 

The present Section deals with the description of the methodology proposed in the 

present PhD Thesis for fretting fatigue assessment.  Such a methodology allows us 

to determine both the crack initiation direction and the fatigue life of a metallic 

structural component subject to fretting fatigue. 

The flowchart of such a methodology is shown in Figure 3.6, whereas the main 

steps are hereafter summarised. 

Let us consider the typical fretting fatigue configuration already shown in 

Figure 2.3 (see Section 2.4 of the present PhD Thesis), where two fretting pads, 

which may be characterised by either spherical or cylindrical shape, are pushed 

against a dog-bone specimen in partial slip regime.  A normal constant force, P , 

and a cyclic tangential force, ( )Q t , are applied to the pads, whereas the specimen 

experiences a cyclic axial bulk stress, ( )B tσ , which is in-phase with ( )Q t . 

Three categories of input data need to be set in order to employ the 

methodology proposed in the present PhD Thesis.  Such input data are related to 

geometrical sizes, material properties, and loading conditions. 

Related to the first category, the sizes of both pads and specimen are needed: 

radius of the pads, R, and thickness and width of the specimen. 

The parameters belonging to the second category are the mechanical and fatigue 

properties and the average grain size of the material.  In more detail, the elastic 

modulus E , the Poisson coefficient ν , the coefficient of friction µ , the ultimate 

tensile strength uσ , the fatigue limits under fully reversed normal and shear stress, 

, 1afσ −  and , 1afτ − , respectively, the slopes m and *m  of the S‐N curves under 

fully reversed normal and shear stress, respectively, and the average grain size d . 

Moreover, the loading conditions to be set are the normal constant load P , the 

amplitude aQ  of the cyclic tangential load, and both amplitude ,B aσ  and mean 

stress ,B mσ  of the cyclic bulk stress applied to the specimen. 

Firstly, the stress field in the vicinity of the contact zone is computed as is 

described in Section 2.4, by means of the closed-form solutions proposed by 

Johnson (Johnson, 1985) and by Nowell and Hills (Nowell, 1987) for the case of 

fretting fatigue elastic partial slip loading condition. 
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Figure 3.6  Flowchart of the methodology proposed in the present PhD Thesis for the 

fretting fatigue assessment of metallic structural components. 
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Note that such an analytical formulation has been implemented within the 

methodology proposed in the present PhD Thesis, since such a methodology has 

been verified by taking into account experimental fretting fatigue tests in partial 

slip conditions. 

Once the stress field is evaluated, the hot-spot H  is looked for on the contact 

surface, that is, a x a− ≤ ≤ , where a  is the semi-width of the contact area (Figure 

3.7).  The hot-spot is assumed to be the point where the maximum value of the 

average maximum principal stress is attained.  Note that H  is generally found to 

be at the contact trailing edge, that is, x a= . 

Subsequently, the critical plane orientation is computed by exploiting the 

Critical Direction Method proposed by Araújo et al. (Araújo, 2017) described in 

Section 3.2.  According to the Critical Direction Method, material planes having 

length equal to twice the critical distance, that is, 2L , starting from the hot-spot, 

H , and characterised by different orientations are examined.  Subsequently, a 

suitable fatigue parameter is computed for each of the aforementioned material 

planes.  According to the methodology proposed in the present PhD Thesis, the 

equivalent stress amplitude, ,eq aN , defined according to the Carpinteri et al. 

criterion (Carpinteri, 2001; Carpinteri, 2011), is taken as such a parameter. 
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Figure 3.7  Hot-spot, H , critical plane and verification point, critP , according to the 

methodology proposed in the present PhD Thesis for the fretting fatigue assessment of 

metallic structural components. 



74 Chapter 3        . 

 
The critical distance L  is assumed to be equal to the average material grain 

size, d , in order to relate such a length to the material microstructure. 

Moreover, the orientation of each material plane is identified by means of the 

angle θ  ( 90 90θ− ° ≤ ≤ ° ), defined as a clock-wise angle starting from the line 

perpendicular to the contact surface (Figure 3.7).  Therefore, as far as the hot-spot 

is located at the contact trailing edge, the angle θ  assumes either positive or 

negative values for material planes inside or outside the contact zone, respectively.  

A suitable value of the angular increment, θ∆ , needs to be set (for instance, 

1θ∆ = °  may be assumed).  The procedure starts by analysing the material plane 

corresponding to the initial value 90θ = − ° .  The equivalent stress amplitude, 

( ),eq aN θ , acting on the corresponding material plane and related to a segment with 

length equal to 2d , is evaluated by means of the Carpinteri et al. criterion: 
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where ( )aN θ  and ( )mN θ  are the amplitude and the mean value of the normal 

stress component perpendicular to the material plane, averaged along the above 

material plane up to a length equal to 2d : 
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Note that the values of both ( ),aN r θ  and ( ),mN r θ  are computed by 

considering the critical plane orientation as fixed (equal to θ ).  This means that the 
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procedure described in Section 3.4.1 for determining the critical plane orientation 

through the off-angle δ  is not employed in the proposed methodology. 

Then, a new material plane is taken into account by updating the value of the 

angle, θ θ θ= + ∆ .  Such a procedure is iterated for all the material planes 

belonging to the specimen half‐space, that means until θ  is equal to 90° . 

The material plane orientation, critθ , that produces the maximum value of the 

equivalent stress amplitude is referred to as the critical plane and, accordingly, as 

the crack initiation plane: 

 

( ) ( ), ,
90 90
maxeq a crit eq aN N

θ
θ θ

− °≤ ≤ °
 =    (3.23) 

 

Then, in accordance to the philosophy of the Theory of the Critical Distance 

proposed by Taylor (Taylor, 1999; Taylor, 2007) in order to take into account the 

high stress gradient close to the contact surface, the fretting fatigue assessment is 

performed in a certain point away from the hot-spot.  In more detail, the position of 

the critical point, critP , where to perform the fretting fatigue assessment is assumed 

to be located at the end of the segment starting from H , with length equal to 2d  

and direction defined by the angle critθ  (Figure 3.7). 

Note that, according to the methodology proposed in the present PhD Thesis, 

the length of the above segment is related to the average material grain size, d .  

Such an assumption is supported by both the assumptions of the Theory of the 

Critical Distance by Taylor and experimental evidences, as has already been 

discussed in Section 3.3. 

Finally, the fatigue life ,f calN  is estimated through Equation (3.20), by 

employing the values of the stress components acting on the critical plane at the 

critical point: ( )2 ,a critN d θ , ( )2 ,m critN d θ , and ( )2 ,a critC d θ  (note that such values 

are computed by considering the critical plane orientation to be equal to critθ , that 

is, the procedure in Section 3.4.1 to determine the critical plane orientation through 

the off‐angle δ is not applied): 
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Therefore, the methodology proposed in the present PhD Thesis for the fretting 

fatigue assessment of metallic structural components allows us: 

i) to estimate the crack initiation direction (assumed coincident with the 

orientation of the critical plane) by means of Equation (3.23); 

ii)  to estimate the number of loading cycles to failure by means of Equation 

(3.24). 
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4 
VALIDATION OF THE ADVANCED METHODOLOGY 
PROPOSED FOR FRETTING FATIGUE ASSESSMENT 

 
 
 
 
4.1 Introduction 

The present Chapter deals with the validation of the analytical methodology 

proposed in the present Ph.D. Thesis for fretting fatigue assessment of structural 

components.  In particular, the multiaxial fatigue criterion proposed by Carpinteri 

et al. (Carpinteri, 2011) and the Critical Direction method proposed by Araújo et al. 

(Araújo, 2017) are implemented in such a methodology (that is described in 

Chapter 3), and the philosophy related to the theory of the Critical Distance by 

Taylor (Taylor, 2007) is also taken into account. 

The fretting behaviour of metallic components under fretting fatigue elastic 

partial slip loading conditions is assessed. 

Experimental campaigns available in the literature characterised by either 

cylindrical or spherical contact configurations are examined.  In more detail, the 

fretting fatigue tests analysed involve the application of the fretting loads by means 

of two pads, characterised by either cylindrical or spherical profile, which are 

clamped to a flat specimen. 

Experimental tests carried out under either fretting fatigue or fretting wear 

loading conditions are taken into account.  More precisely, as far as fretting fatigue 

loading conditions are concerned, a constant normal load and a cyclic tangential 

load are applied to the pads.  On the other hand, as far as fretting wear loading 

conditions are concerned, a constant normal load and a cyclic tangential 

displacement are applied to the pads. 

The stress field within the specimen is determined by means of the closed-form 

solution by Johnson (Johnson, 1985), based on the formalisms by Hertz (Hertz, 

1896), Cattaneo (Cattaneo, 1938) and Mindlin (Mindlin, 1949), and McEwen 

(McEwen, 1949), together with the closed-form solution by Nowell and Hills 
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(Nowell, 1987).  Such an analytical formulation in the case of cylindrical contact is 

detailed in Section 2.4 of the present Ph.D. Thesis. 

The accuracy of the proposed methodology is verified by taking into account 

eight different materials: four aluminium alloys, one titanium alloy, and three 

steels. 

It can be highlighted that, in some cases shot-peened specimens have been 

tested.  In particular, such specimens have been treated before the fretting test, in 

order to investigate the influence of such a surface treatment on the fretting 

behaviour of the structural component. 

Shot peening is a cold process consisting in hitting the surface to be treated with 

a jet of well-defined shots.  The main beneficial effect of shots impact is 

represented by a compressive residual stress field, limited to a material surface 

layer of the order of 0.1÷0.5 mm (Vantadori, 2021).  Nevertheless, it should be 

highlighted that the superficial compressive stress state is not stable, but it may 

evolve.  Such a phenomenon, known as residual stress relaxation (Schulze, 2006; 

Wagner, 2003), is considered as one of the main drawbacks of shot peening. 

Residual stresses may be experimentally measured by means of the X-Ray 

Diffraction method or the Blind Hole Drilling method, the latter being a destructive 

test.  It can be remarked that shot peening produces residual stresses along both 

longitudinal and transversal specimen directions, and the values of such stresses are 

comparable to each other, whereas the values of all the other stress components are 

negligible (Araujo, 2009). 

The stress state within a shot-peened specimen may be computed by taking into 

account both the relaxed residual stress field and the stress field produced by 

fretting fatigue loading.  Such two contributions may be independently evaluated 

and then combined according to the superposition principle, since residual stresses 

affect the stress field acting on the mean value of longitudinal and transversal 

components of the stress tensor. 

In Sections from 4.2 to 4.9, the theoretical results obtained in terms of both 

crack path orientation and fatigue life are described and compared to the 

experimental ones available in the literature.  Moreover, the accuracy of the 

criterion in terms of fatigue life estimations is quantified by means of the root mean 

square error method.  Such an error, RMST , is computed as follows: 
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where sn  is the total number of specimens of the considered series.  Note that 

1RMST =  represents a perfect correlation between experimental and estimated 

values. 

 

 

4.2 Al 2024-T351 aluminium alloy 

The experimental campaign carried out by Szolwinski and Farris (Szolwinski, 

1998) has been analysed through the proposed methodology.  Such an experimental 

campaign is detailed in Section 4.2.1, whereas the results obtained by employing 

the proposed methodology are discussed in Section 4.2.2. 

 
4.2.1 Experimental campaign 
Thirty-seven flat dog-bone test specimens (named specimens from T1 to T37 in the 

following) made of Al 2024-T351 alloy were tested.  The mechanical and fatigue 

properties are listed in Table 4.1 (Szolwinski, 1998). 

 
Table 4.1 Mechanical and fatigue properties of Al 2024-T351 alloy (Szolwinski, 1998). 

MATERIAL E  

[GPa] 

ν  uσ  

[MPa] 
, 1afσ −

[MPa] 

m  , 1afτ −  

[MPa] 

m∗  0N  

[cycles] 

Al 2024-T351 74 0.33 465 218 -0.08 126 -0.08 2·106 
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The averaged grain size d  is equal to 40 mµ  (Li, 2019), whereas the 

coefficient of friction µ  within the contact zone is equal to 0.65 (Szolwinski, 

1998). 

The experimental tests were carried out in partial slip regime by using two 

cylindrical pads (made of the same material of the specimens).  Note that three 

different values of the pad radius were used, that is, R equal to 127 mm, 178 mm, 

and 229 mm, respectively.  A constant normal load P  and a cyclic tangential load 

( )Q t  (characterised by a loading ratio 1R= − ) were applied to the pads.  

Moreover, the specimen experienced a cyclic bulk stress ( )B tσ  (characterised by a 

loading ratio 1R= − ), which was in-phase with ( )Q t . 

The pad radius, the loading parameters (normal load P , amplitude aQ  of the 

cyclic tangential load, and amplitude ,B aσ  of the cyclic bulk stress) and the 

corresponding experimental fretting fatigue life, ,f expN , are listed in Table 4.2 for 

each tested specimen. 

 

Table 4.2 Pad radius R , loading parameters (normal load P , amplitude aQ  of the cyclic 

tangential load, amplitude ,B aσ  of the cyclic bulk stress), estimated crack path orientation 

calθ , experimental and estimated fretting fatigue life ( ,f expN  and ,f calN , respectively), 

for specimens No. T1-T36. 

TEST No. R  

[mm] 

P  

[N/mm] 

aQ  

[N/mm] 

,B aσ  

[MPa] 

calθ  

[°]  

,f expN  

[cycles] 

,f calN  

[cycles] 

,

,

f exp

f cal

N

N
 

T1 121 384 134 101 4 241016 314611 0.77 

T2 121 497 154 110 4 217061 236445 0.92 

T3 127 385 108 85 5 422000 1316663 0.32 

T4 127 410 213 116 4 465000 106999 4.35 

T5 127 423 148 88 5 563946 553733 1.02 

T6 127 427 132 110 4 241475 339815 0.71 

T7 127 430 142 97 4 311516 450683 0.69 

T8 127 489 171 109 4 302804 205269 1.48 

T9 127 490 113 85 5 668277 1188410 0.56 

T10 127 494 178 98 4 464166 260476 1.78 
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T11 127 557 150 109 4 253883 269926 0.94 

T12 127 560 151 85 5 381535 590168 0.65 

T13 127 569 176 102 5 545489 240020 2.27 

T14 127 569 176 102 5 337934 240020 1.41 

T15 127 595 131 110 5 314000 336676 0.93 

T16 178 418 159 86 4 582922 745793 0.78 

T17 178 419 151 97 4 459882 558239 0.82 

T18 178 421 160 111 4 330695 326479 1.01 

T19 178 486 131 85 4 621442 1140104 0.55 

T20 178 493 133 100 4 433780 624223 0.69 

T21 178 494 133 100 4 349520 623309 0.56 

T22 178 509 173 106 4 225535 311753 0.72 

T23 178 551 187 113 4 455759 216657 2.10 

T24 178 558 117 85 4 665073 1360706 0.49 

T25 178 558 117 85 4 749093 1360706 0.55 

T26 178 571 177 99 4 552250 365069 1.51 

T27 229 417 129 81 4 867330 1792186 0.48 

T28 229 419 109 83 4 768364 2230689 0.34 

T29 229 427 158 113 3 249574 397615 0.63 

T30 229 429 185 112 3 238000 319864 0.74 

T31 229 487 161 111 3 479540 399302 1.20 

T32 229 490 157 97 4 739250 665561 1.11 

T33 229 494 158 85 4 856524 1000289 0.86 

T34 229 551 187 110 3 320864 313487 1.02 

T35 229 557 134 82 4 747135 1536121 0.49 

T36 229 557 139 82 4 729715 1425722 0.51 

T37 229 563 135 98 4 463324 791507 0.59 

 
 

4.2.2 Results 
The experimental campaign described in Section 4.2.1 has been analysed by means 

of the analytical methodology proposed in the present Ph.D. Thesis for fretting 

fatigue assessment of structural components. 

As far as the crack path orientation is concerned, the angles calθ  estimated by 

means of the proposed methodology range from 3° to 5°, depending on the fretting 
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loading conditions (Table 4.2).  More precisely, the theoretical crack nucleates at 

the contact trailing edge, and is characterized by a direction inward the contact 

region. 

No data in terms of experimental crack path are available for the tests examined.  

However, an additional specimen subjected to fretting loading conditions equal to 

those used in test No. T22 was tested in order to experimentally analyse the crack 

initiation path.  The experimental crack orientation of such an additional test is 

compared to the corresponding analytical one in Figure 4.1.  It can be observed 

that the experimental crack nucleated at the contact trailing edge and grew inward 

the contact region, in accordance with the theoretical estimation.  However, further 

comparisons with the theoretical results are quite difficult since, in accordance to 

the proposed methodology, the critical plane orientation is estimated by taking into 

account a process zone characterised by a fixed size equal to twice the averaged 

grain size of the material. 

 

 

Figure 4.1  Experimental crack path (Szolwinski, 1998) and theoretical crack orientation (dashed-

red line) for fretting fatigue configuration of test No. T22. 

 

As far as the fatigue life is concerned, the number ,f calN  of loading cycles to 

failure estimated by means of the proposed methodology is listed in Table 4.2 for 

each specimen, together with the ratio , ,f exp f calN N .  Moreover, a comparison 

between experimental and estimated fatigue life is shown in Figure 4.2 for each 
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test analysed.  Note that the dashed lines correspond to , ,f exp f calN N  equal to 0.5 

and 2, thus defining the scatter band 2. 
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Figure 4.2  Experimental fatigue life vs estimated fatigue life for each test analysed. 

 
It can be observed that 78% of the results fall within the scatter band 2, and 

95% of the results fall within the scatter band 3.  Therefore, the estimations seem to 

be quite satisfactory. 

In more detail, the proposed methodology provides conservative estimations for 

one-third of the results (Table 4.2).  Moreover, the accuracy of the criterion is 

verified by means of the root mean square error method: the value of RMST  is 

equal to 1.75, which highlights a quite good accuracy of the criterion employed. 

In conclusion, it can be stated that the estimated crack paths reproduce the 

experimental ones with good agreement for Al 2024-T351 alloy, and satisfactory 

predictions in terms of fretting fatigue life are provided by the methodology 

proposed in the present Ph.D. Thesis. 
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4.3 Al 7050-T7451 aluminium alloy 

The experimental campaigns carried out by Rossino et al. (Rossino, 2009) and by 

Almeida et al. (Almeida, 2020) have been analysed by means of the proposed 

methodology.  The experimental campaign carried out by Rossino et al. 

(experimental campaign 1 in the following) is detailed in Section 4.3.1, whereas 

the results obtained by employing the proposed methodology are discussed in 

Section 4.3.2.  The experimental campaign carried out by Almeida et al. 

(experimental campaign 2 in the following) is detailed in Section 4.3.3, whereas 

the results obtained by employing the proposed methodology are discussed in 

Section 4.3.4. 

 
4.3.1 Experimental campaign 1 
Ten flat dog-bone test specimens (named specimens from T1 to T10 in the 

following) made of Al 7050-T7451 alloy were tested.  The mechanical and fatigue 

properties are listed in Table 4.3 (Chen, 2012; Rossino, 2009). 

 
Table 4.3 Mechanical and fatigue properties of Al 7050-T7451 alloy (Chen, 2012; Rossino, 

2009), tested by Rossino et al. (Rossino, 2009). 

MATERIAL E  

[GPa] 

ν  uσ  

[MPa] 
, 1afσ −

[MPa] 

m  , 1afτ −  

[MPa] 

m∗  0N  

[cycles] 

Al 7050-T7451 73.4 0.33 513 301 -0.05 127 -0.08 2·106 

 
The averaged grain size d  is equal to 5 mµ  (Rossino, 2009), whereas the 

coefficient of friction µ  within the contact zone is equal to 0.54 (Rossino, 2009). 

The experimental tests were carried out in partial slip regime by using two 

cylindrical pads (made of the same material of the specimens), characterised by a 

radius R equal to 70 mm.  A constant normal load P  and a cyclic tangential load 

( )Q t  (characterised by a loading ratio 1R= − ) were applied to the pads.  

Moreover, the specimen experienced a cyclic bulk stress ( )B tσ , which was 

characterised by a pulsation equal to that of ( )Q t  and a phase shift of 180° with 
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respect to ( )Q t .  Different mean values ,B mσ  of bulk stress were considered in the 

tests.  Note that the mean bulk stress was applied to the specimen before clamping 

the pads, in order to avoid the influence of such a mean stress on the contact 

solution. 

The loading parameters (normal load P , amplitude aQ  of the cyclic tangential 

load, and amplitude ,B aσ  and mean value ,B mσ  of the cyclic bulk stress) and the 

corresponding experimental fretting fatigue life ,f expN  are listed in Table 4.4 for 

each tested specimen.  Note that run-out was reached for tests No. T9 and No. T10.  

 
Table 4.4 Loading parameters (normal load P , amplitude aQ  of the cyclic tangential load, 

amplitude ,B aσ  and mean value ,B mσ  of the cyclic bulk stress), estimated crack path 

orientation calθ , experimental and estimated fretting fatigue life, ,f expN  and ,f calN , 

respectively, for each specimen tested by Rossino et al. (Rossino, 2009). 

TEST No. P  

[N/mm] 

aQ  

[N/mm] 

,B aσ  

[MPa] 

,B mσ  

[MPa] 

calθ  

[°]  

,f expN  

[cycles] 

,f calN  

[cycles] 

,

,

f exp

f cal

N

N
 

T1 654 163 92.7 15 2 164662 116521 1.41 

T2 654 163 92.7 15 2 202609 116521 1.74 

T3 654 163 92.7 0 2 198686 204687 0.97 

T4 654 163 92.7 0 2 274248 204687 1.34 

T5 654 163 92.7 -15 2 268230 364813 0.74 

T6 654 163 92.7 -15 2 299568 364813 0.82 

T7 654 163 92.7 -60 2 1304620 2269755 0.57 

T8 654 163 92.7 -60 2 1552276 2269755 0.68 

T9 654 163 92.7 -92.7 2 10000000* 9453212 - 

T10 654 163 92.7 -145 2 10000000* 113098560 - 

 

 

4.3.2 Results 
The experimental campaign described in Section 4.3.1 has been analysed by means 

of the analytical methodology proposed in the present Ph.D. Thesis for fretting 

fatigue assessment of structural components. 
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As far as the crack path orientation is concerned, the angle calθ  estimated by 

means of the proposed methodology was equal to 2° for each fretting loading 

condition (Table 4.4).  More precisely, the theoretical crack nucleates at the contact 

trailing edge, and is characterized by a direction inward the contact region. 

The experimental crack orientation of test No. T9 is compared to the 

corresponding analytical one in Figure 4.3.  Note that the main observed crack is 

considered for the comparison, since multiple experimental cracks were found at 

the contact trailing edge.  The direction of such cracks was inward the contact 

region, in accordance with the theoretical estimations.  However, the comparison 

between experimental and theoretical results is quite difficult, because the 

analytical ones can be estimated only related to a length of twice the averaged grain 

size of the material (corresponding to the length of the critical plane, 2 10d mµ= ). 

 

 

Figure 4.3  Experimental crack path (Rossino, 2009) and theoretical crack orientation (dashed-red 

line) for test No. T9. 

 
As far as the fatigue life is concerned, the number ,f calN  of loading cycles to 

failure estimated by means of the proposed methodology is listed in Table 4.4 for 

each specimen.  The ratio , ,f exp f calN N  is also listed in Table 4.4 for tests No. 

from T1 to T8, by excluding the run-outs due to the fact that, in such cases, the 

experimental number of loading cycles to failure is unknown.  Moreover, a 

comparison between experimental and estimated fatigue life is shown in Figure 4.4 



Validation of the advanced methodology proposed for fretting fatigue assessment 91

 
for tests No. from T1 to T8.  Note that the dashed lines correspond to 

, ,f exp f calN N  equal to 0.5 and 2, thus defining the scatter band 2. 

It can be observed that all the results fall within the scatter band 2 and, 

therefore, the estimations seem to be satisfactory. 

In more detail, the proposed methodology provides conservative estimations for 

tests No. T1, T2 and T4, whereas results for the other tests are characterised by 

, ,f cal f expN N>  (Table 4.4).  Moreover, the accuracy of the criterion is verified by 

means of the root mean square error method: the value of RMST  is equal to 1.45, 

which highlights a good accuracy of the criterion employed. 

Moreover, as far as the run-outs (i.e., tests No. T9 and T10) are concerned, the 

proposed methodology estimates a number of loading cycles to failure slightly 

lower than the value of run-out for test No. T9 and higher than the value of run-out 

for test No. T10. 

Therefore, it can be stated that the methodology proposed in the present Ph.D. 

Thesis provides fretting fatigue life estimations characterised by a quite satisfactory 

accuracy in case of either tensile or compressive mean bulk stress applied to the 

specimen. 
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Figure 4.4  Experimental fatigue life vs. estimated fatigue life for tests No. from T1 to T8. 
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4.3.3 Experimental campaign 2 
Nineteen flat dog-bone test specimens (named specimens from T1 to T19 in the 

following) made of Al 7050-T7451 alloy were tested.  The mechanical and fatigue 

properties are listed in Table 4.5 (Almeida, 2020; Chen, 2012). 

 

Table 4.5 Mechanical and fatigue properties of Al 7050-T7451 alloy (Almeida, 2020; 

Chen, 2012), tested by Almeida et al. (Almeida, 2020). 

MATERIAL E  

[GPa] 

ν  uσ  

[MPa] 
, 1afσ −

[MPa] 

m  , 1afτ −  

[MPa] 

m∗  0N  

[cycles] 

Al 7050-T7451 71.7 0.33 524 301 -0.05 127 -0.08 2·106 

 

The averaged grain size d  is equal to 8 mµ  (Almeida, 2020), whereas the 

coefficient of friction µ  within the contact zone is equal to 0.54 (Rossino, 2009). 

The experimental tests were carried out in partial slip regime by using two 

cylindrical pads (made of the same material of the specimens).  Note that two 

different values of the pad radius were used, that is, R equal to 30 mm and 70 mm.  

A constant normal load P  and a cyclic tangential load ( )Q t  (characterised by a 

loading ratio 1R= − ) were applied to the pads.  Moreover, a constant bulk stress 

Bσ  was applied to the specimen before clamping the pads, in order to avoid the 

influence of such a mean stress on the contact solution. 

All the tests were interrupted at 106 loading cycles and, subsequently, crack 

direction was measured on the longitudinal middle-cross section by means of a 

confocal laser microscope.  The experimental crack path orientation expθ  is defined 

as the angle between the crack direction and a line perpendicular to the surface.  

Such an angle is measured in correspondence of a specific distance from the 

surface, and it is defined positive if the crack path is inside the contact zone.  Note 

that, when multiple cracks were observed, only the longest one was considered. 

The pad radius R, the loading parameters (normal load P , amplitude aQ  of the 

cyclic tangential load, and bulk stress Bσ ) and the corresponding experimental 

crack path orientation expθ  (measured at a distance equal to 56.5 mµ  from the 

surface) are listed in Table 4.6 for each tested specimen. 
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Table 4.6 Pad radius R , loading parameters (normal load P , amplitude aQ  of the cyclic 

tangential load, and bulk stress Bσ ), experimental and estimated crack path orientation, 

expθ  and calθ , respectively, and estimated fretting fatigue life ,f calN , for each specimen 

tested by Almeida et al. (Almeida, 2020). 

TEST No. R  

[mm] 

P  

[N/mm] 

aQ  

[N/mm] 

Bσ  

[MPa] 
expθ  

[°]  

calθ  

[°]  

,f calN  

[cycles] 

T1 70 800 240 0 7.3 3 115930572 

T2 70 800 240 0 41.5 3 115930572 

T3 70 800 320 0 24.8 3 4457854 

T4 70 800 320 0 36.6 3 4457854 

T5 70 800 320 0 37.5 3 4457854 

T6 70 800 400 0 32.5 3 352292 

T7 70 800 400 0 37.0 3 352292 

T8 70 800 320 25 54.4 3 1942145 

T9 70 800 320 25 17.3 3 1942145 

T10 70 800 320 25 42.5 3 1942145 

T11 70 800 320 50 55.6 3 813926 

T12 70 800 320 50 32.8 3 813926 

T13 70 800 320 50 42.6 3 813926 

T14 30 341 136 0 39.9 5 73786216 

T15 30 341 136 0 24.2 5 73786216 

T16 30 341 136 25 31.3 5 34655327 

T17 30 341 136 25 31.7 5 34655327 

T18 30 341 136 50 36.3 4 12939376 

T19 30 341 136 50 33.7 4 12939376 

 
4.3.4 Results 
The experimental campaign described in Section 4.3.3 has been analysed by means 

of the analytical methodology proposed in the present Ph.D. Thesis for fretting 

fatigue assessment of structural components. 

As far as the crack path orientation is concerned, the angle calθ  estimated by 

means of the proposed methodology was equal to 3° for tests No. from T1 to T13, 

5° for tests No. from T14 to T17, and 4° for tests No. T18 and T19 (Table 4.6).  
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More precisely, the theoretical crack nucleates at the contact trailing edge, and is 

characterized by a direction inward the contact region for each test. 

The direction of experimental cracks was found to be inward the contact region 

for all the tests, in accordance with the theoretical estimations.  The experimental 

crack orientations are compared to the corresponding analytical ones in Figure 4.5, 

for each test configuration.  Note that the experimental crack orientations were 

measured at a distance equal to 56.5 mµ  from the surface, whereas the theoretical 

crack orientations are related to a length equal to twice the averaged grain size of 

the material that is, 2 16d mµ= .  

An analytical simulation of the above experimental tests was also provided by 

Almeida et al. (Almeida, 2020).  Three different multiaxial fatigue parameters were 

employed, that is, the SWT parameter proposed by Smith, Watson and Topper 

(Smith, 1970), the FS parameter proposed by Fatemi and Socie (Fatemi, 1988), and 

the Modified Wohler Curve Method (MWCM) parameter (Susmel, 2002).  

Moreover, three different critical plane averaging methods were applied in 

conjunction to the above parameters, in order to estimate the initial crack direction.  

Note that the estimated crack orientations are related to a length ranging from 

about 100 mµ  to 200 mµ , depending on the employed method. 

Almeida et al. observed that the results determined by employing the SWT 

parameter estimated the experimental crack paths better than those determined by 

using the shear-based parameters (i.e., the FS and MWCM parameters).  In 

particular, the crack direction was generally predicted inward the contact region by 

employing the SWT parameter, with estimated angles ranging from -4° to 7°, while 

the estimated crack direction was generally outward the contact region by 

employing the shear-based parameters (when associated with the Critical Direction 

Method, the MWCM predicted crack directions inward the contact region, with 

estimated angles ranging from 61° to 75°). 

Therefore, it can be stated that the methodology proposed in the present Ph.D. 

Thesis provides more appropriate results in terms of crack path orientation with 

respect to other shear-based criteria available in the literature.  More precisely, 

such a methodology correctly predicts crack directions inward the contact region, 

with crack angles comparable to those estimated by means of a SWT parameter-

based approach available in the literature. 
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Figure 4.5  Experimental and theoretical crack orientation for tests No. (a) T1-T2, (b)T3-T4-T5,       

(c) T6-T7, (d) T8-T9-T10, (e) T11-T12-T13, (f) T14-T15, (g) T16-T17, and (h) T18-T19. 
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As far as the fatigue life is concerned, the number ,f calN  of loading cycles to 

failure estimated by means of the proposed methodology is listed in Table 4.6 for 

each specimen.  Note that a comparison between experimental and estimated 

fatigue life is not possible, since the experimental number of loading cycles to 

failure is unknown for all the tests.  Nevertheless, it can be observed that, for 74% 

of the tests analysed, the number of loading cycles estimated by means of the 

proposed methodology is higher than the value set for run-out. 

 
 

4.4 Al 7075-T651 aluminium alloy 

The experimental campaigns carried out by Vázquez et al. (Vázquez, 2012) and by 

Vázquez et al. (Vázquez, 2017) have been analysed through the proposed 

methodology.  The experimental campaign carried out by Vázquez et al. in 2012 

(experimental campaign 1 in the following) is detailed in Section 4.4.1, whereas 

the results determined by employing the proposed methodology are discussed in 

Section 4.4.2.  The experimental campaign carried out by Vázquez et al. in 2017 

(experimental campaign 2 in the following) is detailed in Section 4.4.3, whereas 

the results determined by employing the proposed methodology are discussed in 

Section 4.4.4. 

 

4.4.1 Experimental campaign 1 
Thirteen flat dog-bone test specimens made of Al 7075-T651 alloy were tested.  

The mechanical and fatigue properties are listed in Table 4.7 (Vázquez, 2012).  

The averaged grain size d  is equal to 50 mµ  (Abrahams, 2019). 

Before testing, seven specimens (from No. T1 to T7) were subjected to a shot 

peening treatment, whereas six specimens (from No. R1 to R6) were not treated 

and tested as reference. 

The superficial treatment was characterised by an Almen intensity equal to 20-

24A and a complete coverage condition.  After shot peening, the specimens were 

polished in order to restore the un-treated superficial roughness.  The coefficient of 

friction µ  after the polish treatment was equal to 1.18, similar to that of the as-

received specimens which was equal to 1.20 (Vázquez, 2012). 
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Table 4.7 Mechanical and fatigue properties of Al 7075-T651 alloy (Vázquez, 2012), tested 

by Vázquez et al. (Vázquez, 2012). 

MATERIAL E  

[GPa] 

ν  uσ  

[MPa] 
, 1afσ −

[MPa] 

m  , 1afτ −  

[MPa] 

m∗  0N  

[cycles] 

Al 7075-T651 71 0.33 572 193 -0.12 111 -0.12 2·106 

 
The residual stress field up to a depth of 1mm was measured by means of the 

Blind-Hole method.  The residual stress distribution, measured both immediately 

after the superficial treatment (that is, before fretting fatigue tests) and after 104 

fretting fatigue loading cycles, is shown in Figure 4.6, where each band represents 

different values of the measurements performed (Vázquez, 2012).  It can be 

considered that the phenomenon of relaxation is included in the residual stress 

distribution measured after 104 fretting fatigue loading cycles, since relaxation is 

mainly produced during the first fretting fatigue loading cycles. 
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Figure 4.6  Measured residual stress profiles due to shot peening treatment performed on 

specimens No. T1-T7. 
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The experimental tests were carried out in partial slip regime by using two 

spherical pads (made of the same material of the specimens), characterised by a 

radius R equal to 100 mm.  A constant normal load P  and a cyclic tangential load 

( )Q t  (characterised by a loading ratio 1R= − ) were applied to the pads.  

Moreover, the specimen experienced a cyclic bulk stress ( )B tσ  (characterised by a 

loading ratio 1R= − ), which was in-phase with ( )Q t . 

The loading parameters (normal load P , amplitude aQ  of the cyclic tangential 

load, and amplitude ,B aσ  of the cyclic bulk stress) and the corresponding 

experimental fretting fatigue life ,f expN  are listed in Table 4.8 for each tested 

specimen. 

 
Table 4.8 Loading parameters (normal load P , amplitude aQ  of the cyclic tangential load, 

amplitude ,B aσ  of the cyclic bulk stress), estimated crack path orientation calθ , 

experimental and estimated fretting fatigue life, ,f expN  and ,f calN , respectively, for each             

specimen tested by Vázquez et al. (Vázquez, 2012). 

TEST No. P  

[N] 

aQ  

[N] 

,B aσ  

[MPa] 

calθ  

[°]  

,f expN  

[cycles] 

,f calN  

[cycles] 

,

,

f exp

f cal

N

N
 

R1 1200 1100 90 8 55759 42852 1.30 

R2 1200 1100 100 8 51787 34198 1.51 

R3 1000 900 110 8 59793 51475 1.16 

R4 1000 900 125 7 65614 36043 1.82 

R5 650 600 125 8 52499 75805 0.69 

R6 650 600 125 8 47379 75805 0.63 

T1 1200 1100 90 10 283522 317811 0.89 

T2 1200 1100 100 9 191755 238211 0.81 

T3 1000 900 110 9 238394 404952 0.59 

T4 1000 900 125 9 196035 259454 0.76 

T5 1000 900 125 9 214425 259454 0.83 

T6 650 600 125 9 588006 673885 0.87 

T7 650 600 125 9 941615 673885 1.40 
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4.4.2 Results 
The experimental campaign described in Section 4.4.1 has been analysed by means 

of the analytical methodology proposed in the present Ph.D. Thesis for fretting 

fatigue assessment of structural components. 

It can be highlighted that, in case of shot-peened specimens (that is, T-series test 

specimens), the measured relaxed residual stress field shown in Figure 4.6 is taken 

into account in the stress field evaluation.  

As far as the crack path orientation is concerned, the angles calθ  estimated by 

means of the proposed methodology range from 7-8°, for R-series test specimens, 

to 9-10°, for T-series test specimens (Table 4.8).  More precisely, the theoretical 

crack nucleates at the contact trailing edge, and is characterized by a direction 

inward the contact region. 

No data in terms of experimental crack path are available for the tests 

considered.  However, additional specimens subjected to fretting loading 

conditions equal to those used in tests No. T4-T5 and T6-T7 were tested in order to 

experimentally analyse the crack initiation path.  The experimental crack 

orientations of such additional tests are compared to the corresponding analytical 

ones in Figure 4.7.  It can be observed that the multiple experimental cracks were 

found to nucleate at or close to the contact trailing edge and grew inward the 

contact region, in quite good accordance with the theoretical estimations. 

 

  

Figure 4.7  Experimental crack path (Vázquez, 2012) and theoretical crack orientation (dashed-red 

lines) for fretting fatigue configurations of tests No. (a) T4-T5, and (b) T6-T7. 

 

(b) (a) 
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However, further comparisons with the theoretical results are quite difficult.  In 

particular, the experimental cracks showed some direction changes, whereas the 

proposed methodology contemplates a single critical plane orientation related to a 

process zone characterised by the size equal to twice the averaged grain size of the 

material.  Moreover, multiple cracks were found in the specimen characterised by 

the loading configuration of tests No. T6-T7, whereas a single crack starting from 

the hot-spot at the contact trailing edge is considered in the proposed methodology. 

As far as the fatigue life is concerned, the number ,f calN  of loading cycles to 

failure computed by means of the proposed methodology is listed in Table 4.8 for 

each specimen, together with the ratio , ,f exp f calN N .  Moreover, comparisons 

between experimental and estimated fatigue life are shown in Figure 4.8a and 

Figure 4.8b, for each test of the R-series (i.e. as-received specimens) and the T-

series (i.e. shot-peened specimens), respectively.  Note that the dashed lines 

correspond to , ,f exp f calN N  equal to 0.5 and 2, thus defining the scatter band 2. 

It can be observed that all results fall within the scatter band 2, and therefore, 

the estimations seem to be satisfactory. 

Related to the R-series, the proposed methodology provides conservative 

estimations for tests No. from R1 to R4, whereas results for the loading 

configuration of tests No. R5 and R6 are characterised by , ,f cal f expN N>  (Table 

4.8).  Moreover, the accuracy of the criterion is verified by means of the root mean 

square error method: the value of RMST  for as-received specimens is equal to 1.50, 

which highlights a quite good accuracy of the criterion employed. 

A numerical simulation of the above R-series experimental tests was also 

carried out by Vázquez et al. (Vázquez, 2014) by employing a numerical 

methodology that combines crack initiation and crack propagation.  The 

comparison between experimental and estimated fatigue life is shown in Figure 

4.8a.  It can be noticed that almost all the results fall within the scatter band 2, and 

all the estimations are conservative.  The computed value of RMST  is equal to 1.59. 

Related to the T-series, the proposed methodology provides conservative 

estimations for test No. T7, whereas results for the other tests are characterised by 

, ,f cal f expN N>  (Table 4.8).  Moreover, the accuracy of the criterion is verified by 
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means of the root mean square error method: the value of RMST  for shot-peened 

specimens is equal to 1.34, which highlights a good accuracy of the criterion 

employed. 
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Figure 4.8  Experimental fatigue life vs. estimated fatigue life for each test of (a) the R-series and 

(b) the T-series.  The numerical results obtained by Vázquez et al. (Vázquez, 2014) are also 

reported. 
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A numerical simulation of the above T-series experimental tests was also 

provided by Vázquez et al. (Vázquez, 2014).  The comparison between 

experimental and estimated fatigue life is shown in Figure 4.8b.  It can be 

remarked that all the results fall within the scatter band 2, and almost all the 

estimations are non-conservative.  In this case, the computed value of RMST  is 

equal to 1.36. 

Therefore, it can be stated that the methodology proposed in the present Ph.D. 

Thesis provides results characterised by a satisfactory accuracy, comparable with 

that related to a more complex numerical approach, even in the case of shot-peened 

specimens.  Moreover, the estimations in terms of fatigue life seem to be less 

conservative for shot-peened specimens than those for untreated specimens. 

 

 

4.4.3 Experimental campaign 2 
Six flat dog-bone test specimens (named specimens from T1 to T6 in the 

following) made of Al 7075-T651 alloy were tested.  The mechanical and fatigue 

properties are listed in Table 4.9 (Vázquez, 2012). 

 
Table 4.9 Mechanical and fatigue properties of Al 7075-T651 alloy (Vázquez, 2012), tested 

by Vázquez et al. (Vázquez, 2017). 

MATERIAL E  

[GPa] 

ν  uσ  

[MPa] 
, 1afσ −

[MPa] 

m  , 1afτ −  

[MPa] 

m∗  0N  

[cycles] 

Al 7075-T651 71 0.33 572 193 -0.12 111 -0.12 2·106 

 

The averaged grain size d  is equal to 50 mµ  (Abrahams, 2019), whereas the 

coefficient of friction µ  within the contact zone is equal to 0.72 (Vázquez, 2017). 

The experimental tests were carried out in partial slip regime by using two 

cylindrical pads (made of the same material of the specimens), characterised by a 

radius R equal to 100 mm.  A constant normal load P  and a cyclic tangential load 

( )Q t  (characterised by a loading ratio 1R= − ) were applied to the pads.  
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Moreover, the specimen experienced a cyclic bulk stress ( )B tσ  (characterised by a 

loading ratio 1R= − ), which was in-phase with ( )Q t . 

The loading parameters (normal load P , amplitude aQ  of the cyclic tangential 

load, and amplitude ,B aσ  of the cyclic bulk stress) and the corresponding 

experimental fretting fatigue life ,f expN  are listed in Table 4.10 for each tested 

specimen. 

 

Table 4.10  Loading parameters (normal load P , amplitude aQ  of the cyclic tangential 

load, amplitude ,B aσ  of the cyclic bulk stress), estimated crack path orientation calθ , 

experimental and estimated fretting fatigue life, ,f expN  and ,f calN , respectively, for each 

specimen tested by Vázquez et al. (Vázquez, 2017). 

TEST No. P  

[N/mm] 

aQ  

[N/mm] 

,B aσ  

[MPa] 

calθ  

[°]  

,f expN  

[cycles] 

,f calN  

[cycles] 

,

,

f exp

f cal

N

N
 

T1 829 121 50 11 577540 927565 0.62 

T2 829 121 50 11 676704 927565 0.73 

T3 829 157 55 10 252878 398954 0.63 

T4 829 157 55 10 283110 398954 0.71 

T5 829 193 70 9 167324 149832 1.12 

T6 829 193 70 9 162421 149832 1.08 

 
 

4.4.4 Results 
The experimental campaign described in Section 4.4.3 has been analysed by means 

of the analytical methodology proposed in the present Ph.D. Thesis for fretting 

fatigue assessment of structural components. 

As far as the crack path orientation is concerned, the angle calθ  estimated by 

means of the proposed methodology was equal to 11° for tests No. T1-T2, 10° for 

tests No. T3-T4, and 9° for tests No. T5-T6 (Table 4.10).  More precisely, the 

theoretical crack nucleates at the contact trailing edge, and is characterized by a 

direction inward the contact region for each test. 
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The direction of experimental cracks was found to be inward the contact region 

for all the tests, in accordance with the theoretical estimations.  The experimental 

crack paths are compared to the corresponding analytical ones in Figure 4.9, for 

tests No. T1, T3 and T5.  It can be noticed that the estimated crack paths agree 

quite well with those obtained from the experimental tests, with angular difference 

equal to about 9°, 6° and 3° for tests No. T1, T3 and T5, respectively. 
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Figure 4.9  Experimental and theoretical crack paths for tests No. (a) T1, (b)T3, and (c) T5. 
 

As far as the fatigue life is concerned, the number ,f calN  of loading cycles to 

failure estimated by means of the proposed methodology is listed in Table 4.10 for 

each specimen, together with the ratio , ,f exp f calN N .  Moreover, a comparison 

between experimental and estimated fatigue life is shown in Figure 4.10 for each 

test analysed.  Note that the dashed lines correspond to , ,f exp f calN N  equal to 0.5 

and 2, thus defining the scatter band 2. 
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Figure 4.10  Experimental fatigue life vs. estimated fatigue life for each test analysed.  The 

numerical results obtained by Vázquez et al. (Vázquez, 2017) are also reported. 

 
It can be observed that all the results fall within the scatter band 2 and, 

therefore, the estimations are satisfactory.  Moreover, the accuracy of the criterion 

is verified by means of the root mean square error method: the value of RMST  is 

equal to 1.40. 

A numerical simulation of the above experimental tests was also carried out by 

Vázquez et al. (Vázquez, 2017) by employing a numerical methodology that 

combines crack initiation and crack propagation.  The comparison between 

experimental and estimated fatigue life is shown in Figure 4.10.  It can be noticed 

that all the results fall within the scatter band 2, with a RMST  value equal to 1.48. 

Therefore, it can be stated that the estimated crack paths reproduce the 

experimental ones with good agreement for Al 7075-T651 alloy, and a satisfactory 

prediction in terms of fretting fatigue life is determined by employing the 

methodology proposed in the present Ph.D. Thesis.  Moreover, the results obtained 

in terms of loading cycles to failure are comparable to those related to a more 

complex numerical approach available in the literature. 
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4.5 Al-4Cu aluminium alloy 

The experimental campaign carried out by Araújo et al. (Araújo, 2004) has been 

analysed by means of the proposed methodology.  Such an experimental campaign 

is detailed in Section 4.5.1, whereas the results derived by employing the proposed 

methodology are discussed in Section 4.5.2. 

 

4.5.1 Experimental campaign 
Flat dog-bone specimens made of Al-4Cu alloy were tested.  The mechanical and 

fatigue properties are listed in Table 4.11 (Araújo, 2004). 
 

Table 4.11 Mechanical and fatigue properties of Al 2024-T351 alloy (Araújo, 2004). 

MATERIAL E  

[GPa] 

ν  yσ  

[MPa] 
, 1afσ −

[MPa] 

m  , 1afτ −  

[MPa] 

m∗  0N  

[cycles] 

Al-4Cu 74 0.33 465 191 -0.11 110 -0.11 2·106 

 

The averaged grain size d  is equal to 50 mµ  (Araújo, 2004), whereas the 

coefficient of friction µ  within the contact zone is equal to 0.75 (Araújo, 2004). 

The experimental tests were carried out in partial slip regime by using two 

cylindrical pads (made of the same material of the specimens).  Note that different 

values of the pad radius R were used.  A constant normal load P  and a cyclic 

tangential load ( )Q t  (characterised by a loading ratio 1R= − ) were applied to the 

pads.  Moreover, the specimen experienced a cyclic bulk stress ( )B tσ  

(characterised by a loading ratio 1R= − ), which was in-phase with ( )Q t .  Twenty-

nine different fretting fatigue configurations were examined, and some specimens 

were tested for each configuration. 

The pad radius R, the loading parameters (normal load P , amplitude aQ  of the 

cyclic tangential load, and amplitude ,B aσ  of the cyclic bulk stress) and the 

corresponding experimental fretting fatigue life ,f expN  are listed in Table 4.12 for 

each fretting fatigue configuration.  Note that in some cases, characterised by small 

contact area, failure was caused by anomalous cracks originated out of the contact 

zone in regions of poor surface finish. 
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Table 4.12 Pad radius R , loading parameters (normal load P , amplitude aQ  of the cyclic 

tangential load, amplitude ,B aσ  of the cyclic bulk stress), estimated crack orientation calθ , 

experimental ,f expN  and estimated ,f calN  fretting fatigue life, for each configuration. 

TEST No. R  

[mm] 

P  

[N/mm] 

aQ  

[N/mm] 

,B aσ  

[MPa] 

calθ  

[°]  

,f expN  

[cycles] 

,f calN  

[cycles] 

,

,

f exp

f cal

N

N
 

T1 12.5 23 10 92.7 1 1000000* 19117479 - 

T2 25 47 21 92.7 3 1000000* 7717940 - 

T3 37.5 70 31 92.7 5 1000000* 3668776 - 

T4 50 93 42 92.7 5 1290000 2043901 0.63 

T5 75 140 63 92.7 6 670000 998311 0.67 

T6 100 186 84 92.7 5 850000 628223 1.35 

T7 125 233 105 92.7 5 730000 464568 1.57 

T8 150 280 126 92.7 5 670000 372451 1.80 

T9 12.5 19 9 92.7 0 1000000* 20524101 - 

T10 25 39 17 92.7 3 1000000* 10103129 - 

T11 37.5 58 26 92.7 4 4040000 4941405 0.82 

T12 50 77 35 92.7 5 1500000 2913246 0.51 

T13 75 116 52 92.7 5 800000 1411144 0.57 

T14 100 155 70 92.7 5 610000 904978 0.67 

T15 125 193 87 92.7 5 1240000 668421 1.86 

T16 150 232 104 92.7 5 690000 534939 1.29 

T17 12.5 19 9 77.2 1 1000000* 56423724 - 

T18 25 39 17 77.2 3 1000000* 23500510 - 

T19 50 77 35 77.2 5 1000000* 5848140 - 

T20 75 116 52 77.2 6 1420000 2689769 0.53 

T21 100 155 70 77.2 6 610000 1645611 0.37 

T22 125 193 87 77.2 5 1240000 1163687 1.07 

T23 25 27 12 61.8 2 1000000* 103940553 - 

T24 37.5 41 18 61.8 4 1000000* 50712396 - 

T25 50 54 25 61.8 5 1000000* 27728846 - 

T26 75 82 37 61.8 6 1000000* 11943853 - 

T27 100 109 49 61.8 6 1000000* 6918770 - 

T28 125 136 61 61.8 6 1570000 4761295 0.33 

T29 150 163 74 61.8 6 1230000 3621014 0.34 
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Therefore, in such cases characterised by a non-acceptable failure mode, the 

number of loading cycles to failure (marked with “*” in Table 4.12) may be 

considered as a lower limit. 

 
4.5.2 Results 
The experimental campaign described in Section 4.5.1 has been analysed by means 

of the analytical methodology proposed in the present Ph.D. Thesis for fretting 

fatigue assessment of structural components. 

As far as the crack path orientation is concerned, the angle calθ  estimated by 

means of the proposed methodology ranges from 0° to 6°, depending on the 

fretting loading conditions (Table 4.12).  More precisely, the theoretical crack 

nucleates at the contact trailing edge, and is characterized by a direction 

perpendicular to the contact surface (for test configuration No. T9) or inward the 

contact region. 

The experimental cracks were generally found to nucleate at or close to the 

contact trailing edge, and to grow approximately perpendicular to the surface, in 

accordance with the theoretical estimations. 

As far as the fatigue life is concerned, the number ,f calN  of loading cycles to 

failure estimated by means of the proposed methodology is listed in Table 4.12 for 

each test configuration.  The ratio , ,f exp f calN N  is also listed in Table 4.12 for 

test configurations characterized by an acceptable failure mode. 

  Moreover, a comparison between experimental and estimated fatigue life is 

shown in Figure 4.11 for such test configurations.  Note that the dashed lines 

correspond to , ,f exp f calN N  equal to 0.5 and 2, thus defining the scatter band 2. 

It can be observed that 81% of the results fall within the scatter band 2, and 

94% of the results fall within the scatter band 3.  Therefore, the estimations seem to 

be quite satisfactory.  In more detail, the proposed methodology provides 

conservative estimations for 38% of tests (Table 4.12).  Moreover, the accuracy of 

the criterion is verified by means of the root mean square error method: the value 

of RMST  is equal to 1.86, which highlights a quite good accuracy of the criterion 

employed. 
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As far as the specimens characterised by non-acceptable failure modes are 

concerned, for 69% of analysed test configurations the proposed methodology 

estimates a number of loading cycles to failure higher than the value considered as 

a lower limit listed in Table 4.12. 

Therefore, it can be stated that the methodology proposed in the present Ph.D. 

Thesis provides quite satisfactory results in terms of both crack path orientation 

and fretting fatigue life for Al-4Cu alloy. 
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Figure 4.11  Experimental fatigue life vs. estimated fatigue life for tests characterised by 

acceptable failure modes. 

 

 
4.6 Ti-6Al-4V titanium alloy 

The experimental campaign carried out by Araújo et al. (Araújo, 2004) has been 

analysed by means of the proposed methodology.  Such an experimental campaign 

is detailed in Section 4.6.1, whereas the results determined by employing the 

proposed methodology are discussed in Section 4.6.2. 
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4.6.1 Experimental campaign 
Flat dog-bone test specimens made of Ti-6Al-4V alloy were tested.  The 

mechanical and fatigue properties are listed in Table 4.13 (Araújo, 2004). 

 

Table 4.13 Mechanical and fatigue properties of Al 2024-T351 alloy (Araújo, 2004). 

MATERIAL E  

[GPa] 

ν  yσ  

[MPa] 
, 1afσ −

[MPa] 

m  , 1afτ −  

[MPa] 

m∗  0N  

[cycles] 

Ti-6Al-4V 115 0.32 974 418 -0.10 241 -0.10 2·106 

 

The averaged grain size d  is equal to 5 mµ  (Araújo, 2004), whereas the 

coefficient of friction µ  within the contact zone is equal to 0.55 (Araújo, 2004). 

The experimental tests were carried out in partial slip regime by using two 

cylindrical pads (made of the same material of the specimens).  Note that different 

values of the pad radius R were used.  A constant normal load P  and a cyclic 

tangential load ( )Q t  (characterised by a loading ratio 1R= − ) were applied to the 

pads.  Moreover, the specimen experienced a cyclic bulk stress ( )B tσ  

(characterised by a loading ratio 1R= − ), which was in-phase with ( )Q t .  Five 

different fretting fatigue configurations were examined, and some specimens were 

tested for each configuration. 

 

Table 4.14 Pad radius R , loading parameters (normal load P , amplitude aQ  of the cyclic 

tangential load, amplitude ,B aσ  of the cyclic bulk stress), estimated crack orientation calθ , 

experimental ,f expN  and estimated ,f calN  fretting fatigue life, for each configuration. 

TEST No. R  

[mm] 

P  

[N/mm] 

aQ  

[N/mm] 

,B aσ  

[MPa] 

calθ  

[°]  

,f expN  

[cycles] 

,f calN  

[cycles] 

,

,

f exp

f cal

N

N
 

T1 12.5 259 41 280 4 1400000* 1716677 - 

T2 37.5 777 124 280 2 521000 310142 1.68 

T3 50 1036 166 280 2 374000 231261 1.62 

T4 60 1243 199 280 2 196000 196194 1.00 

T5 70 1450 232 280 2 173000 172704 1.00 
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The pad radius R, the loading parameters (normal load P , amplitude aQ  of the 

cyclic tangential load, and amplitude ,B aσ  of the cyclic bulk stress) and the 

corresponding experimental fretting fatigue life ,f expN  are listed in Table 4.14 for 

each fretting fatigue configuration.  Note that, in the tests of configuration No. T1 

(that is, tests characterised by the smallest contact area), failure was caused by 

anomalous cracks originated out of the contact zone in regions of poor surface 

finish.  Therefore, in such cases characterised by a non-acceptable failure mode, 

the number of loading cycles to failure (marked with “*” in Table 4.14) may be 

considered as a lower limit. 

 
4.6.2 Results 
The experimental campaign described in Section 4.6.1 has been analysed by means 

of the analytical methodology proposed in the present Ph.D. Thesis for fretting 

fatigue assessment of structural components. 

As far as the crack path orientation is concerned, the angle calθ  estimated by 

means of the proposed methodology was equal to 4° for test configuration No. T1, 

and 2° for other test configurations (Table 4.14).  More precisely, the theoretical 

crack nucleates at the contact trailing edge, and is characterized by a direction 

inward the contact region. 

The experimental cracks were generally found to nucleate within the slip region 

at or close to the contact trailing edge.  More precisely, some cracks initiated 

within the fretted zone.  However, the exact distance between such cracks and the 

contact trailing edge was difficult to be measured, since the experimental contact 

area was characterized by indefinite and irregular boundaries.  Moreover, most of 

the cracks grew approximately perpendicular to the surface, in quite good 

agreement with the theoretical estimations. 

As far as the fatigue life is concerned, the number ,f calN  of loading cycles to 

failure estimated by means of the proposed methodology is listed in Table 4.14 for 

each test configuration.  The ratio , ,f exp f calN N  is also listed in Table 4.14 for 

test configurations characterized by an acceptable failure mode.  Moreover, a 

comparison between experimental and estimated fatigue life is shown in Figure 
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4.12 for such test configurations.  Note that the dashed lines correspond to 

, ,f exp f calN N  equal to 0.5 and 2, thus defining the scatter band 2. 

 
N

f,
e

xp
  
[c

yc
le

s]

Nf,cal  [cycles]

105

105 106

106

 

Figure 4.12  Experimental fatigue life vs. estimated fatigue life for tests characterised by 

acceptable failure modes. 

 
It can be observed that all the results fall within the scatter band 2 and, 

therefore, the estimations are satisfactory.  In more detail, the proposed 

methodology provides conservative estimations for two over four test 

configurations (Table 4.14).  Moreover, the accuracy of the criterion is verified by 

means of the root mean square error method: the value of RMST  is equal to 1.42, 

which highlights a good accuracy of the criterion employed. 

As far as the specimen characterised by an anomalous failure mode is concerned 

(i.e., test configuration No. T1), the proposed methodology estimates a number of 

loading cycles to failure higher than the value considered as a lower limit listed in 

Table 4.14. 

Therefore, it can be stated that the methodology proposed in the present Ph.D. 

Thesis provides satisfactory results in terms of both crack path orientation and 

fretting fatigue life. 
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4.7 EN8 steel 

The experimental campaign carried out by O’Halloran et al. (O’Halloran, 2017) 

has been examined.  Such an experimental campaign is detailed in Section 4.7.1, 

whereas the results determined by employing the proposed methodology are 

discussed in Section 4.7.2. 

 

4.7.1 Experimental campaign 
Flat dog-bone test specimens made of EN8 steel were tested.  The mechanical and 

fatigue properties are listed in Table 4.15 (O’Halloran, 2017). 

 

Table 4.15 Mechanical and fatigue properties of EN8 steel (O’Halloran, 2017). 

MATERIAL E  

[GPa] 

ν  uσ  

[MPa] 
, 1afσ −

[MPa] 

m  , 1afτ −  

[MPa] 

m∗  0N  

[cycles] 

EN8 189 0.3 882 276 -0.12 159 -0.12 2·106 

 

The averaged grain size d  is equal to 30 mµ  (Vantadori, 2019), whereas the 

coefficient of friction µ  within the contact zone is equal to 0.75 (O’Halloran, 

2017). 

The experimental tests were carried out in partial slip regime by using two 

cylindrical pads (made of the same material of the specimens).  The pad radius R 

was equal to 6mm.  Such tests were characterised by fretting wear loading 

conditions.  More precisely, a constant normal load P  and a cyclic tangential 

displacement ( )t∆  (characterised by a loading ratio 1R= − ) were applied to the 

pads.  All the tests were interrupted at 105 loading cycles. 

The above experimental tests were carried out in order to both estimate the 

effective value of the coefficient of friction and compare the results with those 

determined by means of a numerical model developed by the same Authors 

(O’Halloran, 2017). 

Once the numerical model was validated, different fretting fatigue 

configurations were numerically simulated by considering the same material such 

as that of the experimental tests.  Such configurations were characterised by 
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cylindrical pads, with pad radius R equal to 3mm.  A constant normal load P  and 

a cyclic tangential displacement ( )t∆  (characterised by a loading ratio 1R= − ) 

were applied to the pads: the value of the normal load was equal to 227N mm, 

whereas different values of the amplitude a∆  of the tangential displacement were 

considered. 

Such numerical investigations were characterised by either partial slip or gross 

slip regime, depending on the value of the amplitude of the applied tangential 

displacement.  In more detail, the transition from partial slip to gross slip regime 

was found to be in correspondence of a transition value ,a t∆  of the tangential 

displacement amplitude equal to about 3.8 mµ  (O’Halloran, 2017). 

Note that simulations characterised by ,a a t∆ < ∆  are taken into account here, 

since the methodology proposed in the present Ph.D. Thesis may be applied to 

fretting fatigue problems in partial slip regime.  A value of a∆  equal to 1 mµ , 

2 mµ ,  3 mµ  and 3.8 mµ  was applied in numerical simulations No. 1, 2, 3 and 4, 

respectively. 

 
4.7.2 Results 
The numerical simulations described in Section 4.7.1 have been analysed by means 

of the analytical methodology proposed in the present Ph.D. Thesis for fretting 

fatigue assessment of structural components. 

In order to determine the stress field within the specimen by employing the 

analytical formulation detailed in Section 2.4 of the present Ph.D. Thesis, the 

amplitude aQ  of the tangential load needs to be defined for each numerical 

simulation.  In more detail, such a loading parameter is computed as a function of 

the amplitude a∆  of the tangential displacement, by means of the following 

equation: 

 

,
a a

a t

P
Q

µ= ∆
∆

 (4.3) 
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Therefore, the tangential load amplitude aQ  equal to 9.9N mm, 19.7N mm, 

29.6N mm, and 37.5N mm is considered for numerical simulations No. 1, 2, 3 

and 4, respectively. 

Note that Equation (4.3) has been deduced by considering that, in partial slip 

regime, the value of the ratio aQ P  linearly increases as the amplitude of the 

tangential displacement increases (Jin, 2004).  Such a ratio reaches its maximum 

value (equal to the coefficient of friction µ ) in correspondence to the transition 

between partial slip and gross slip regimes, that is, for ,a a t∆ = ∆ .  Note that such a 

relation is not valid for gross slip regime. 

As far as the crack path orientation is concerned, the angle calθ  estimated by 

means of the proposed methodology was equal to 7°, 11°, 15° and 10°, for 

numerical simulations No. 1, 2, 3 and 4, respectively.  More precisely, the 

theoretical crack nucleates at the contact trailing edge, and is characterized by a 

direction inward the contact region.  However, no data in terms of numerical crack 

path are available in the literature for the tests considered. 
 
 

FA
T

IG
U

E
 L

IF
E

, N
f,

ca
l  

[c
yc

le
s]

0.001 0.002 0.003 0.004

DISPLACEMENT AMPLITUDE, ∆a  [mm]

103

Present study

O'Halloran, 2017

104

105

106

107

 

Figure 4.13  Fretting map in terms of fatigue life vs. displacement amplitude: results estimated in 

the present Ph.D. Thesis and numerical results by O’Halloran et al. (O’Halloran, 2017). 
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As far as the fatigue life is concerned, the number ,f calN  of loading cycles to 

failure estimated by means of the proposed methodology is equal to 648679, 

52699, 28257 and 10352, for numerical simulations No. 1, 2, 3 and 4, respectively. 

Moreover, the fretting map (in terms of number of loading cycle to failure 

against displacement amplitude) built by taking into account the analytical results 

related to the above fretting wear tests under partial slip regime is shown in Figure 

4.13.  The comparison between the number of loading cycles to failure numerically 

estimated by O’Halloran et al. (O’Halloran, 2017) and that analytically estimated 

in the present Ph.D. Thesis is also reported in Figure 4.13.  Note that such a 

comparison seems to highlight a quite good accuracy of the proposed analytical 

methodology for EN8 steel, but further comparisons with experimental test results 

are needed. 

 

 

4.8 AISI 1034 steel 

The experimental campaign carried out by Araújo et al. (Araújo, 2017) has been 

analysed by means of the proposed methodology.  Such an experimental campaign 

is detailed in Section 4.8.1, whereas the results determined by employing the 

proposed methodology are discussed in Section 4.8.2. 

 

4.8.1 Experimental campaign 
Flat dog-bone test specimens made of AISI 1034 steel were tested.  The 

mechanical and fatigue properties are listed in Table 4.16 (Araújo, 2017; Li, 2017). 

 

Table 4.16 Mechanical and fatigue properties of AISI 1034 steel (Araújo, 2017; Li, 2017). 

MATERIAL E  

[GPa] 

ν  uσ  

[MPa] 
, 1afσ −

[MPa] 

m  , 1afτ −  

[MPa] 

m∗  0N  

[cycles] 

AISI 1034 200 0.3 600 299 -0.10 173 -0.10 2·106 

 

The averaged grain size d  is equal to 30 mµ  (Fouvry, 2008), whereas the 

coefficient of friction µ  within the contact zone is equal to 0.9 (Araújo, 2017). 
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The experimental tests were carried out in partial slip regime by using two 

cylindrical pads made of chromium 52,100 steel (210E GPa= , 0.3υ = , 

1700y MPaσ = ).  The pad radius R was equal to 40mm. 

A constant normal load P  and a cyclic tangential load ( )Q t  (characterised by a 

loading ratio 1R= − ) were applied to the pads.  In particular, the values of the 

normal load P  and the amplitude aQ  of the tangential load were equal to 

227N mm and 169N mm, respectively. 

The tests were interrupted at 106 loading cycles and, subsequently, crack 

direction was measured on the longitudinal middle-cross section by means of a 

confocal laser microscope.  The experimental crack path orientation expθ  is defined 

as the angle between the crack direction and a line perpendicular to the surface.  

The average value of such an angle was found to be equal to 30°, with the crack 

path inside the contact zone. 

 
4.8.2 Results 
The experimental campaign described in Section 4.8.1 has been analysed by means 

of the analytical methodology proposed in the present Ph.D. Thesis for fretting 

fatigue assessment of structural components. 

As far as the crack path orientation is concerned, the angle calθ  estimated by 

means of the proposed methodology was equal to 12°.  More precisely, the 

theoretical crack nucleates at the contact trailing edge, and is characterized by a 

direction inward the contact region. 

The direction of experimental cracks was found to be inward the contact region 

for all the tests, in accordance with the theoretical estimations.  The average 

experimental crack orientation was found to be equal to 30°.  The comparison 

between experimental and analytical crack orientations is shown in Figure 4.14.  It 

should be highlighted that the experimental crack orientation is related to a crack 

length equal to 68 mµ , whereas the theoretical crack orientation is related to a 

length equal to twice the averaged grain size of the material, that is, 2 60d mµ= . 

An analytical simulation of the above experimental tests was also provided by 

Araújo et al. (Araújo, 2017).  In more detail, three different multiaxial fatigue 
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parameters were employed, that is, the SWT parameter proposed by Smith, Watson 

and Topper (Smith, 1970), the FS parameter proposed by Fatemi and Socie 

(Fatemi, 1988), and the Modified Wohler Curve Method (MWCM) parameter 

(Susmel, 2002).  Moreover, three different critical plane averaging methods were 

applied in conjunction with the above parameters, in order to estimate the initial 

crack direction.  Note that the estimated crack orientations are related to a length 

ranging from about 214 mµ  to 428 mµ , depending on the employed method. 
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Figure 4.14  Comparison between experimental and theoretical crack orientation. 

 
Araújo et al. remarked that the experimental crack paths could be estimated by 

employing the SWT parameter better than by using the shear-based parameters 

(i.e., FS and MWCM parameters).  In particular, the crack direction was predicted 

inward the contact region by employing the SWT parameter, with estimated angle 

equal to 11°.  On the other hand, the estimated crack direction was generally 

outward the contact region by employing the shear-based parameters (when 

associated with the Critical Direction Method, the MWCM predicted crack 

directions inward the contact region, with estimated angle equal to 70°). 

Therefore, it can be stated that the estimated crack path reproduces the 

experimental one with good agreement for AISI 1034 steel.  In particular, the 
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methodology proposed in the present Ph.D. Thesis provides more appropriate 

results in terms of crack path orientation with respect to other shear-based criteria 

available in the literature.  More precisely, such a methodology correctly predicts 

crack direction inward the contact region, with crack angle comparable to that 

estimated by means of a SWT parameter-based approach available in the literature. 

As far as the fatigue life is concerned, the number ,f calN  of loading cycles to 

failure estimated by means of the proposed methodology is equal to 2119173.  

Note that a comparison between experimental and estimated fatigue life is not 

possible, since the experimental number of loading cycles to failure is unknown for 

all the tests.  Nevertheless, it can be observed that the number of loading cycles to 

failure estimated by means of the proposed methodology is higher than the value 

set for run-out. 

 

 

4.9 35NCD16 steel 

The experimental campaign carried out by Araújo et al. (Araújo, 2017) has been 

analysed by means of the proposed methodology.  Such an experimental campaign 

is detailed in Section 4.9.1, whereas the results obtained by employing the 

proposed methodology are discussed in Section 4.9.2. 

 

4.9.1 Experimental campaign 
Flat dog-bone test specimens made of 35NCD16 steel were tested.  The mechanical 

and fatigue properties are listed in Table 4.17 (Araújo, 2017; Kurek, 2017). 

 

Table 4.17 Mechanical and fatigue properties of 35NCD16 steel (Araújo, 2017; Kurek, 2017). 

MATERIAL E  

[GPa] 

ν  uσ  

[MPa] 
, 1afσ −

[MPa] 

m  , 1afτ −  

[MPa] 

m∗  0N  

[cycles] 

35NCD16 200 0.3 1270 361 -0.10 342 -0.07 2·106 

 

The averaged grain size d  is equal to 15 mµ  (Boudiaf, 2011), whereas the 

coefficient of friction µ  within the contact zone is equal to 0.9 (Araújo, 2017). 
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The experimental tests were carried out in partial slip regime by using two 

cylindrical pads made of 100C6 steel ( 195E GPa= , 0.3υ = , 1500y MPaσ = ).  

The pad radius R was equal to 80mm. 

A constant normal load P  and a cyclic tangential load ( )Q t  (characterised by a 

loading ratio 1R= − ) were applied to the pads.  In particular, the values of the 

normal load and the amplitude aQ  of the tangential load were equal to 

1000N mm and 500N mm, respectively. 

The tests were interrupted at 5·105 loading cycles and, subsequently, crack 

direction was measured on the longitudinal middle-cross section by means of a 

confocal laser microscope.  The experimental crack path orientation expθ  is defined 

as the angle between the crack direction and a line perpendicular to the surface.  

The average value of such an angle was found to be equal to 17°, with the crack 

path inside the contact zone. 

 
4.9.2 Results 
The experimental campaign described in Section 4.9.1 has been analysed by means 

of the analytical methodology proposed in the present Ph.D. Thesis for fretting 

fatigue assessment of structural components. 

As far as the crack path orientation is concerned, the angle calθ  estimated by 

means of the proposed methodology was equal to 7°.  More precisely, the 

theoretical crack nucleates at the contact trailing edge, and is characterized by a 

direction inward the contact region. 

The direction of experimental cracks was found to be inward the contact region 

for all the tests, in accordance with the theoretical estimations.  The average 

experimental crack orientation was found to be equal to 17°.  The comparison 

between experimental and analytical crack orientations is shown in Figure 4.15.  It 

should be highlighted that the experimental crack orientation is related to a crack 

length equal to 105 mµ , whereas the theoretical crack orientation is related to a 

length equal to twice the averaged grain size of the material, that is, 2 30d mµ= . 
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Figure 4.15  Comparison between experimental and theoretical crack orientation. 

 

An analytical simulation of the above experimental tests was also provided by 

Araújo et al. (Araújo, 2017).  In more detail, three different multiaxial fatigue 

parameters were employed, that is, the SWT parameter proposed by Smith, Watson 

and Topper (Smith, 1970), the FS parameter proposed by Fatemi and Socie 

(Fatemi, 1988), and the Modified Wohler Curve Method (MWCM) parameter 

(Susmel, 2002).  Moreover, three different critical plane averaging methods were 

applied in conjunction with the above parameters, in order to estimate the initial 

crack direction.  Note that the estimated crack orientations are related to a length 

ranging from about 39 mµ  to 78 mµ , depending on the employed method. 

Araújo et al. remarked that the experimental crack paths could be estimated by 

employing the SWT parameter better than by using the shear-based parameters 

(i.e., FS and MWCM parameters).  In particular, the crack direction was predicted 

inward the contact region by employing the SWT parameter, with estimated angle 

ranging from 4° to 6°.  On the other hand, estimated crack direction was generally 

outward the contact region by employing the shear-based parameters (when 

associated with the Critical Direction Method, both FS and MWCM predicted 

crack direction inward the contact region, with estimated angle equal to 46° and 

53°, respectively). 
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Therefore, it can be stated that the estimated crack path reproduces the 

experimental one with good agreement for 35NCD16 steel.  In particular, the 

methodology proposed in the present Ph.D. Thesis provides more appropriate 

results in terms of crack path orientation than other shear-based criteria available in 

the literature.  More precisely, such a methodology correctly predicts crack 

direction inward the contact region, with crack angle comparable to that estimated 

by means of a SWT parameter-based approach available in the literature. 

As far as the fatigue life is concerned, the number ,f calN  of loading cycles to 

failure estimated by means of the proposed methodology is equal to 133762.  Note 

that a comparison between experimental and estimated fatigue life is not possible, 

since the experimental number of loading cycles to failure is unknown for all the 

tests.  Nevertheless, it can be observed that the number of loading cycles to failure 

estimated by means of the proposed methodology is slightly lower than the value 

set for run-out. 
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5 
CONCLUSIONS 

 
 
 
 
 
An analytical methodology for fretting fatigue assessment of structural components 

has been proposed in the present Ph.D. Thesis.  In more detail, such a methodology 

may be employed in order to evaluate both the initial crack path and the lifetime of 

metallic structures under fretting fatigue elastic partial slip loading conditions.  

Consequently, being based on linear-elastic formulations, it could be easily applied 

to practical situations in the industrial field. 

The proposed methodology falls in the category of stress-based critical-plane 

approach.  In particular, the multiaxial fatigue criterion originally proposed by 

Carpinteri et al. for metallic structures under multiaxial constant amplitude fatigue 

loading in high-cycle fatigue regime is here extended to the case of fretting fatigue. 

The Carpinteri et al. criterion is implemented in conjunction with the Critical 

Direction Method proposed by Araújo et al.  Such a non-local approach is 

employed in order to determine the orientation of the critical plane, thus avoiding 

two drawbacks typical of the stress-based critical-plane approach: (a) the need to 

evaluate the critical plane orientation in many points of the specimen, and (b) 

anomalous situations (that arise in problems characterised by high stress gradients) 

occurring when the critical plane orientations determined in adjacent points may be 

completely different from each other. 

Moreover, the philosophy related to the theory of the Critical Distance by 

Taylor is taken into account in the procedure for the definition of the verification 

point where to perform the fretting fatigue assessment of the structural component.  

The fatigue life in such a point is evaluated in accordance to the Carpinteri et al. 

criterion by means of an equivalent stress amplitude, after the reduction of the 

multiaxial stress state to an equivalent uniaxial one. 
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Furthermore, the linear relationship between the amplitude and the mean value 

of the stress component perpendicular to the critical plane proposed by Goodman is 

employed in order to take into account the simultaneous presence of both a tensile 

or compressive mean normal stress and an alternating normal stress.  In particular, 

such a relationship allows to take into account the beneficial effect on fatigue life 

due to the presence of a compressive mean normal stress.  Such a situation is 

typical of fretting fatigue problems in which either a compressive mean axial stress 

is applied to the component or a compressive residual stress field is induced by 

shot peening. 

The stress field used as input for the Carpinteri et al. criterion is analytically 

evaluated by using the closed-form solution by Johnson, based on the formalisms 

by Hertz, Cattaneo and Mindlin, and McEwen, together with the closed-form 

solution by Nowell and Hills. 

The behaviour of metallic components under fretting fatigue elastic partial slip 

loading conditions has been assessed in order to validate the proposed 

methodology.  In more detail, ten different experimental campaigns available in the 

literature characterised by either cylindrical or spherical contact configurations, 

carried out under either fretting fatigue or fretting wear loading conditions have 

been examined. 

As far as the crack path orientation is concerned, the experimental cracks were 

found to nucleate at or close to the contact trailing edge, and to grow inward the 

contact region or perpendicular to the contact surface.  The theoretical cracks 

nucleate at the contact trailing edge, and are characterized by a direction inward the 

contact region or perpendicular to the contact surface, in accordance to the 

experimental results. 

Nevertheless, further comparisons with theoretical results are quite difficult.  In 

particular, the experimental cracks show some direction changes, whereas the 

proposed methodology contemplates a single critical plane orientation, estimated 

by taking into account a process zone characterised by a fixed size equal to twice 

the averaged grain size of the material.  Moreover, multiple cracks nucleating 

within the slip region close to the contact trailing edge have been observed in some 

cases, whereas a single crack starting from the hot-spot at the contact trailing edge 

is considered in the proposed methodology. 
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Therefore, it can be stated that the crack direction estimated by means of the 

proposed methodology is in a quite good agreement with the experimental 

evidences.  Moreover, such results are more appropriate than those determined by 

means of other shear-based criteria available in the literature, and the values of 

crack angle computed in the present Ph.D. Thesis are comparable to those 

estimated by means of a SWT parameter-based approach available in the literature.  

However, further developments are still needed to improve the accuracy between 

estimated and observed crack angles. 

As far as fatigue life is concerned, the estimated values of loading cycle number 

to failure are in good agreement with the experimental ones.  Moreover, the 

accuracy of the methodology in terms of fatigue life evaluation is verified by 

means of the root mean square error method: the value of RMST  ranges from 1.34 

to 1.86 for the analysed cases, thus highlighting a good correlation. 

Therefore, the methodology proposed in the present Ph.D. Thesis seems to 

provide results in terms of number of loading cycles to failure characterised by a 

satisfactory accuracy.  More precisely, such results are comparable with those 

related to more complex numerical approaches in the literature.  Although by 

analysing the results obtained in the present Ph.D. Thesis the proposed 

methodology seems to be characterised by a promising accuracy, further 

investigations on different materials and contact configurations are needed. 

It is worth noting that the proposed analytical methodology has the advantage to 

be able to estimate both crack path and fatigue life, without physically taking into 

account the crack in the model, and thus it is computationally efficient.  However, 

it has the drawback that both the fretting fatigue life and crack path estimations are 

referred to a verification point located at a fixed distance from the hot-spot.  

A strong point of the proposed methodology consists in taking into account the 

material average grain size.  In fact, it has been observed that an accurate fretting 

fatigue assessment needs to include features of the material microstructure.  In 

particular, both the critical plane orientation and the verification point position are 

related to such a size. 

Moreover, it should be highlighted that a possible influence of the slip 

amplitude on the fretting fatigue behaviour of the component analysed is discarded, 

since a stress-based approach is implemented in the proposed methodology.  
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However, since the superficial damage produced at the contact surface within the 

partial slip regime is not high, such a hypothesis seems to be acceptable. 

On the other hand, the influence of the high stress gradient is clearly captured 

using the Critical Direction Method by Araújo et al.  Therefore, the proposed 

analytical methodology seems to be promising not only for fretting fatigue, but also 

for other fatigue problems involving high stress gradients, in the case of both 

proportional and non-proportional stress histories. 



 

 
NOMENCLATURE 

 
 
FS Fatemi and Socie fatigue parameter 

MRH Maximum Rectangular Hull method 

MWCM Modified Wohler Curve Method fatigue parameter 

SWT Smith, Watson and Topper fatigue parameter 

 

 

 

 

 
δ   angle between the normal to the critical plane and the 

averaged direction of the maximum principal stress  

1δ , 2δ  displacements of points 1T , 2T  

( )t∆  cyclic tangential displacement applied to the pads 

, 1afσ −∆  fatigue limit range for fully reversed normal loading 

,I thK∆  threshold stress intensity factor range for long cracks 

yε  deformation in correspondence of material yielding 

µ  coefficient of friction 

ν  Poisson coefficient 

θ  orientation of a critical plane candidate 

calθ  crack path orientation estimated in the present Ph.D. 

Thesis 

critθ  critical plane orientation 

expθ  experimental crack path orientation from the literature 
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Θ  orientation of a generic rectangle bordering the Σ  path 

σ   stress tensor 

,eq aσ  equivalent uniaxial stress amplitude related to the critical 

plane   

1−,afσ   fatigue limit under fully reversed normal stress 

1−,af'σ  finite life fatigue strength under fully reversed normal 

stress 

( )B tσ  cyclic axial stress (bulk stress) applied to the specimen 

effσ  effective linear elastic stress quantity 

3 ,2 ,1  , =nnσ  principal stresses, where )t()t()t( 321 σσσ ≥≥    

ˆ  ,  1, 2, 3n nσ =  averaged principal stresses within a loading cycle, where 

)t()t()t( 321 σσσ ≥≥    

uσ  material ultimate tensile strength 

yσ  stress in correspondence of material yielding 

Σ  closed path of the shear stress component on the critical 

plane 

' Σ  polygonal approximation of Σ  path 

1−,afτ   fatigue limit under fully reversed shear stress 

1−,af'τ  finite life fatigue strength under fully reversed shear stress 

( )tφ , ( )tθ , ( )tψ  principal Euler angles 

ψθφ ˆˆˆ  , ,  averaged principal Euler angles 
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a  half-width of contact zone 

c  half-width of stick zone 

( )'c t  instantaneous half-width of stick zone 

C  shear stress component lying on the critical plane 

aC  amplitude of the shear stress component lying on the 

critical plane 

mC  mean value of the shear stress component lying on the 

critical plane 

d  average material grain size 

e  eccentricity of stick zone 

'( )e t  instantaneous eccentricity of stick zone 

E  elastic modulus 

*E  elastic modulus for plane strain condition 

G  tangential elastic modulus 

h distance between the contact body surfaces (Chapter 2) 

[ ]h x  Heaviside step function (Chapter 3) 

H  hot-spot 

l  depth of contact bodies 

L  critical distance 

m slope of the S-N curve under fully reversed normal 

loading 

*m  slope of the S-N curve under fully reversed shear loading 

N  normal stress component perpendicular to the critical 

plane 

0N  reference number of loading cycles 

aN  amplitude of the normal stress component perpendicular 

to the critical plane 
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,eq aN  amplitude of the equivalent normal stress component 

perpendicular to the critical plane  

fN  number of cycles to failure 

mN  mean value of the normal stress component perpendicular 

to the critical plane 

Oxyz reference frame for the contact problem (Chapter 2) 

( )p x  normal pressure distribution between contact bodies 

0p  maximum value of normal pressure distribution 

P  normal constant force applied to the pads  

critP  critical point where to perform the fretting fatigue 

assessment 

PXYZ fixed reference system (Chapter 3) 

Puvw local reference system related to the critical plane 

123P  principal reference system  

( )q x  contact shear distribution between contact bodies 

0q  maximum value of contact shear distribution 

Q  static tangential force applied to the pads 

( )Q t  cyclic tangential force applied to the pads 

R relative radius of curvature of contact bodies (Chapter 2) 

R radius of the pads (Chapter 3 and Chapter 4) 

'R , ''R  main relative radii of curvature of contact bodies 

xs  slip between contact surfaces 

wS  stress vector referred to the critical plane  

1S , 2S  points on the contact surface (Chapter 2) 

t  time 

T  period of the loading cycle 
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1T , 2T  points reasonably distant from the contact surface 

(Chapter 2) 

RMST  root mean square error 

1zu , 2zu  displacements of points 1S , 2S  

w  normal to the critical plane 

( )tW   weight function 

1 2,z z  surface profiles of contact bodies 

 

 

 

 
Subscripts 

a  amplitude 

cal  analytical value calculated in the present Ph.D. Thesis 

exp experimental value from literature 

m mean value 

max maximum value 

min minimum value 
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